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ABSTRACT
III the f i r s t  p a r t  o f  t h i s  t h e s i s  an o p t i c a l  p o t e n t i a l  approach 
i s  a p p lied  to  the problem of e l a s t i c  c lc c tr o n - b e l iu m  s c a t t e r i n g  a t  low 
e n e r g ie s .  F i r s t  tlie d e f i c i e n c i e s  in  the second order c a l c u l a t i o n  of 
Pu and Chang arc removed and then th ir d  order c o r r e c t io n s  to  the  
p h a s e s h i f t s  are c o n s id er e d .  In Chapter I a sh o r t  rev iew  of 
D rucckner-C oldstone p e r tu r b a t io n  theory  i s  p resen ted  and e x p l i c i t  
e x p r e s s io n s  f o r  tlie second order phase s h i f t s  are d e r iv e d .  The 
methods of computing th e se  e x p r e s s io n s  are c on s id ered  in  Chapter I I .  
V arious  o th er  t h e o r e t i c a l  models are d i s c u s s e d  in  Chapter I I I  where 
a l s o  our second order r e s u l t s '  f o r  the s ,  p and d-wave phase s h i f t s  are  
g iv en .  Chapter IV com prises our c a l c u l a t i o n  o f  the p o l a r i s a b i l i t y  of  
helium , u s in g  a Briieelm er-G oldstone approach. In Chapter V a method of  
d eterm in in g  a l l  the d i s t i n c t  Feynmann diagrams of any order i s  g iv e n ,  
and th ird  order c o r r e c t io n s  to  the d-wave phase s h i f t  are d i s c u s s e d .
The aim of the work d e s c r ib e d  in  Part I I  of t h i s  t h e s i s  has been
to t e s t  f o r  e le c tr o n -n e o n  s c a t t e r i n g  the  d i s p e r s io n  r e l a t i o n  con jec tu red
by Gerjuoy and K r a l l .  An in tr o d u c t io n  to  the d i s p e r s io n  r e l a t i o n  and
the techn iqu e  of phase s h i f t  a n a l y s i s  i s  g iv e n  in  Chapter VI and p rev io u s
work on e le c tr o n -h e l iu r a  s c a t t e r i n g  i s  r e v ie w e d . In Chapter V II the
v a r io u s  q u a n t i t i e s  which have to  be c a lc u la t e d  in  order  to  t e s t  the
v a l i d i t y  o f  the d i s p e r s io n  r e l a t i o n  f o r  e le c tr o n -n e o n  s c a t t e r i n g  are
d i s c u s s e d .  In p a r t i c u l a r ,  the a n a ly s i s  in v o lv e d  i s  the  c a l c u l a t io n  of
2the Bom exchange s c a t t e r i n g  am plitude , g ^ (0 , k ) i s  g iv e n .  A more 
accu ra te  e v a lu a t io n  of t h i s  am plitude f o r  zero  en ergy , u s in g  a 
c o n f ig u r a t io n  in t e r a c t i o n  ground s t a t e  wave f u n c t i o n ,  i s  d e sc r ib e d  in
Chapters V I I I  and IX. P r e lim in a ry  r e s u l t s  fo r  g g (0 ,  0) are g iv e n  in  
Chapter X.
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CHAPTER I
THE OPTICAL POTENTIAL MODEL
1 . I . I n tr o d u c t io n
C on sid erab le  advances have been made r e c e n t ly  in  un d erstan d in g  
the  e l a s t i c  s c a t t e r i n g  of  s low  e le c t r o n s  by helium  atoms. T h e o r e t ic a l  
s t u d ie s  by Callaway and h i s  c o l la b o r a t o r s  (La Dahn and Callaway 1966, 
Callaway e t  a l .  1968) and by Duxler e t  a l .  (1 9 7 1 ) ,  u s in g  v a r ia n t s  of  
the  p o la r is e d  o r b i t a l  approach, have le d  to  V alues o f  the s and p wave 
phase s h i f t s  in  good agreement w ith  th o se  d e r iv e d  d i r e c t l y  from e l a s t i c  
s c a t t e r i n g  experim ents  (Andrick and B i t sc h  1972) .  They a l s o  agree  w ith  
th e  r e s u l t s  o f  a phase s h i f t  a n a ly s i s  o f  exp er im en ta l  da ta  (Bransden  
and McDowell 1969, McDowell 1971a, Bransden e t  a l .  1973) and w ith  th o se  
of s e v e r a l  o th er  r e c e n t  t h e o r e t i c a l  c a l c u l a t i o n s .  These are the  o p t i c a l  
p o t e n t i a l  approach of Pu and Chang (1 9 6 6 ) ,  th e  Green’ s f u n c t io n  method • 
of Yarlagadda e t  a l .  (1973) and the  v a r i a t i o n a l  c a l c u l a t i o n  of S in fa i la m  
and N esbet (1 9 7 2 ) .
However, the  d wave (£  = 2) r e s u l t s  o b ta in ed  in  t h e s e  v a r io u s  
t h e o r e t i c a l  c a l c u l a t i o n s  d i f f e r  c o n s id e r a b ly  and d i s a g r e e  w ith  th e  v a lu e s  
proposed by McDowell (1971a) on the  b a s i s  o f  a phase s h i f t  a n a ly s i s  o f  
exp er im en ta l  d a ta .
K e l ly  (1967) has p o in te d  out t h a t  the o p t i c a l  p o t e n t i a l  c a l c u l a t i o n  
of Pu and Chang (1966) i s  in c o m p le te ,  c e r t a in  second order terms b e in g  
o m itted . Pu and Chang r e s t r i c t e d  t h e i r  work to  second order in  
p e r tu r b a t io n  th eory  (o m it t in g  terms d is c u s s e d  b e lo w ) ,  co n s id ered  th e  s 
and p wave phase s h i f t s  on ly  and a llow ed  on ly  s ,  p and d in te r m ed ia te  
s t a t e s .  In th e  f i r s t  p a r t  of t h i s  t h e s i s  we extend t h e i r  work to  remove
th e se  d e f i c i e n c i e s ,  p r e s e n t in g  what we b e l ie v e  to  be a com plete  
second order c a l c u l a t i o n .  We a l s o  d i s c u s s  the th ir d  order terms in  
some d e t a i l .
Many-body p e r tu r b a t io n  th eo ry  as deve lop ed  by Brueelcner (1955) and 
G oldstone (1957) has proved v e r y  u s e f u l  in  the  study  o f  m a n y -p a r t ic le  
sy stem s. The theory  was i n i t i a l l y  used  p r i n c i p a l l y  to  i n v e s t i g a t e  n u c lea r  
s t r u c t u r e  (Brueckner and Gamme1 1958) and th e  e le c t r o n  gas (Gel1-Man 
and Brueckner 1957 ) .  K e l ly  s u c c e s s f u l l y  a p p l ied  the  method to  a 
c a l c u l a t i o n  of c o r r e l a t i o n  e n e r g ie s  in  the  n e u tr a l  b e r y l l iu m  atom (1963)  
and l a t e r  in  1964 he ob ta in ed  v ery  good v a lu e s  f o r  many atom ic p r o p e r t ie s  
in c lu d in g  p o l a r i s a b i l i t i e s  and o s c i l l a t o r  s t r e n g t h s .
B e l l  and Squ ires  (1959) u sed  a diagrammatic approach s im i la r  to  the  
Brueckner-GoIdstone p e r tu r b a t io n  theory  to  s e t  on a more r ig o r o u s  b a s i s  
t h e  o p t i c a l  p o t e n t i a l  approach which was b e in g  used by M ittlem an and 
Watson (1959) and o t h e r s .  The o p t i c a l  p o t e n t i a l  i s  a one-body p o t e n t i a l  
r e p r e s e n t in g  the e f f e c t  of th e  t a r g e t  atom on th e  s c a t t e r i n g  p a r t i c l e .
This o p t i c a l  p o t e n t i a l  method was m o d if ied  s l i g h t l y  by Pu and 
Chang (1966) and a p p lied  to  th e  e l a s t i c  s c a t t e r i n g  o f  s low  e le c t r o n s  from 
the h e lium  atom. C o n v e n t io n a l ly ,  hav ing  o b ta in ed  the  form al o p t i c a l  
p o t e n t i a l  e x p r e s s io n ,  the  s c a t t e r i n g  wave f u n c t io n  was c a lc u la t e d  by 
s o lv in g  the  one-body SchrB dinger , eq u a t io n  w i t h - t h e  ap p ro p r ia te  o p t i c a l  
p o t e n t i a l .  However, because  the  o p e r a to r s  f o r  the  s c a t t e r i n g  e le c t r o n s  
are con ta in ed  in  th e  o p t i c a l  p o t e n t i a l ,  th e  l a t t e r  i s  ex trem ely  d i f f i c u l t  
t o  e v a lu a te  and one i s  fo r c e d  to  make s e v e r a l  ap prox im ations ,  in c lu d in g  
the  a d ia b a t ic  approxim ation . Pu and Chang p o in t  out th a t  the  v a l i d i t y  
of th e  a d ia b a t ic  c o n d i t io n  f o r  low -en ergy  e le c tr o n -a to m  s c a t t e r i n g  i s  
r a th e r  dubious and to  avo id  t h i s  d i f f i c u l t y  they u se  the o p t i c a l
_ a
p o t e n t i a l  d i r e c t l y  in  a v a r i a t i o n a l  e x p r e s s io n  f o r  the  s c a t t e r i n g  
phase s h i f t s .
As we have mentioned e a r l i e r ,  the  c a l c u l a t io n  o f  Pu and Chang 
i s  in com plete  and we w i l l  now d e s c r ib e  how we have extended i t .  F i r s t  
we g iv e  a rev iew  o f  the r e le v a n t  r e s u l t s  o f  Brueckner-GoIdstone theory  
and o b ta in  e x p l i c i t  e x p r e ss io n s  f o r  a l l  th e  second order c o r r e c t io n s  
to the phase s h i f t s .
1 .2 .  Brucckner-G oldstone P e r tu rb a tio n  Theory
The problem consid ered  i s  t h a t  of the  s c a t t e r i n g  o f  a s low  
e l e c t r o n  by a n e u t r a l  atom w ith  N atom ic e le c t r o n s  which i n t e r a c t  
through two-body p o t e n t i a l s .  The t o t a l  H am iltonian f o r  such a system  i s  
N+ 1 m i
( 1 . 1 )H = ) T . + > V . .
i = i  '  i< j
where v . .  i s  the mutual Coulomb i n t e r a c t i o n  between th e  i t h ,a n d  i t h .
■ij
e l e c t r o n s  and T  ^ i s  the sum of the k i n e t i c  energy of the i t h  p a r t i c l e  
and a l l  the  one-body p o t e n t i a l s  a c t in g  on i t .
SchrBdinger’ s eq u ation  f o r  the  system  i s
H ' ( 1 .2 )
(lYt" 1 ) -where E i s  the t o t a l  energy and Y th e  e x a c t  wave f u n c t io n  o f  the
system . T his  eq u a t io n  cannot be s o lv e d  e x a c t l y ,  because  o f  the  two body
term s, and so we approximate the  e f f e c t  o f  the  i n t e r a c t i n g  p a r t i c l e s  by
a s i n g l e - p a r t i c l e  p o t e n t i a l  V^. The tru e  s t a t e  of th e  system  i s  then
approximated by an unperturbed s t a t e  f u n c t io n  and H am iltonian H^
N+1 N+1
H = )■ (V. + T .)  = I  II . ( 1 .3 )
O . \  1 1 . \  O-L
1=1 1=1
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w ith
H T = E Y ( 1 . 4 )o o o o  ^ /
where E  ^ i s  the approxim ation to  the c o r r e c t  energy E. I f  H* denotes  
the d i f f e r e n c e  between the t o t a l  and unperturbed H am ilton ian s ,  then
N+1 N+1
- u  -  . 1
II' = H -  = 2,  V . .  -  V.  . ( 1 . 5 )
At t h i s  p o in t ,  i s  an a r b i tr a r y  one-body p o t e n t i a l ,  but i t  i s  taken to  
be l le r m it ia n ,  so th a t  the s i n g l e - p a r t i c l e  wave fu n c t io n s  the
s o lu t i o n s  of
form a com plete s e t .  The unperturbed ground s t a t e  o f  the t a r g e t  atom,
Y i s  the S la t e r  determ inant formed from the N lo w e s t  energy
s o l u t i o n s  of ( 1 .6 )  (a l lo w in g  f o r  s p in  and angular  momenta). The
correspond ing  unperturbed f u n c t io n  f o r  the t o t a l  system , i s
formed by adding a s u i t a b l e  s o lu t i o n  of ( 1 . 6 ) to  d e s c r ib e  the f r e e
e l e c t r o n .  We r e f e r  to  th ose  s t a t e s  é which are occu p ied  in  $ asm ' o
u n e x c i te d  s t a t e s  and to  a l l  o th e r  ^^^s as e x c i t e d  s t a t e s .  An unoccupied  
u n e x c i te d  s t a t e  i s  c a l l e d  a h o le  and an occup ied  e x c i t e d  s t a t e  i s  c a l l e d  
a p a r t i c l e .  The com plete s e t  o f  ^^^s i s  used  as a b a s i s  fo r  a 
p e r tu r b a t io n a l  expansion  f o r  the s o lu t i o n  of ( 1 . 2 ) .
Before  we can p roceed , two concepts  need to  be in tr o d u ce d ,  namely, 
the in t e r a c t i o n  p ic t u r e  and a d ia b a t ic  s w i tc h in g .  There are three, ways 
of d e s c r ib in g  the time development of the  system , e i t h e r  in  the op era tors  
(th e  H eisenberg  p i c t u r e ) ,  or in  the w avefu n ct ion s  ( th e  SchrBdinger p ic tu r e )
- l i ­
er in  b o th . I t  i s  th e  l a s t  which we u s e  and t h i s  i s  c a l l e d  th e  
i n t e r a c t i o n  p i c t u r e .  The t o t a l  H am iltonian i s  s p l i t  up as i n  ( 1 .5 )  and 
then  th e  time development o f  the  o b se r v a b le  depends o n ly  on H^  and th a t  
o f  the  wave f u n c t io n s  o n ly  on H’ . We have
il l  t  - i l l  t  
11* ( t )  = e °  H* e ° ( 1 .7 )
where 11^  and 11’ are  in  th e  SchrBdinger p i c t u r e .  A t im e development  
o p era to r  in  the i n t e r a c t i o n  p i c t u r e ,  U ( t ,  t ^ ) ,  i s  in trod u ced  where
Y (t)  = U ( t ,  t^ )Y (t^ )  ,
and th e  SchrBdinger eq u a t io n  becomes
- u ( t ,  t^) + % ' ( t ) u ( t ,  t^ )  = 0 (1 . 8)
w ith  th e  i n i t i a l  c o n d i t io n  U (t^ ,  t^ )  = 1 .  I n t e g r a t in g  ( 1 .8 )  by a 
method o f  s u c c e s s i v e  approxim ations g i v e s  ■ '
u ( t .  V  = I  \ ( t .
n=0
where
. n
o o
n—1
"t
H’ ( t ^ ) . . .  E ’ ( t^ )d t^  . . .  dt^ ( 1 .9 )
w i th  t  > t .  > . . .  > t  > t  — 1 — — n — o
S econd ly , we d e a l  w ith  a d ia b a t ic  s w i tc h in g .  The s c a t t e r i n g  p r o c e ss  
i s  u s u a l ly  t r e a t e d  as a p e r tu r b a t io n  o f  the  i n i t i a l  f r e e  s t a t e  caused by 
a tim e-dependent i n t e r a c t i o n  which i s  sw itch ed  on a t  a t im e t  = 0 and o f f  
aga in  a t  some l a t e r  time t  = r .  The q u e s t io n  a r i s e s  as to  whether t h i s  
abrupt s w itc h in g  on and o f f  i s  a p e r m is s ib le  i d e a l i s a t i o n .  The problem
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i s  s o lv e d  by in tr o d u c in g  a f a c t o r  e where a i s  s m a l l ,  so  th a t
eq u a t io n  ( 1 .7 )  becomes
il l  t  - i l l  t  . I 
11’ ( t )  = e ° H’ e °  e” “ l ' (1 .1 0 )
E v e n tu a l ly  th e  l i m i t  a + 0 i s  taken .
With t h e s e  i d e a s ,  G oldstone (1957) has shown t h a t  th e  tru e  ground 
s t a t e  of the  atom, i s  g iv e n  by
. < «  .  u .
a- 0  < *  (W)|u (0 ) | ;  (% )>o a ' O
where U^(o) i s  the  tim e development o p era to r  in  the  i n t e r a c t i o n  p i c t u r e ,  
d e f in e d  above, e v a lu a te d  a t  tim e t  = 0 .  That i s
t
U a(0 ) = U „(0 , t^ )  = I  ( - i ) "
• -- - n~0
t
^ h ’ ( t^ )  . . .  Il’ ( t ^ ) d t ^ . . . d t ^
t o
(1 . 12)
w ith  0 > t^ > . . .  > t^ ,  where we have used atom ic u n i t s  = 1) .  
Equation (1 .1 1 )  i s  G o ld s to n e ’ s Theorem which e f f e c t i v e l y  says t h a t  th e  
tru e  wave f u n c t io n  i s  formed from the. approximate wave f u n c t io n
Y^^^  ^ by g r a d u a l ly  s w i tc h in g  on th e  p e r tu r b a t io n  111 The f a c t o r  in  the  
denominator i s  f o r  n o r m a li s a t io n .
At t h i s  p o in t ,  a second q u a n t i s a t io n  approach i s  u s e f u l ;  th e  
c r e a t io n  and a n n i h i la t i o n  o p e r a to r s  f o r  s i n g l e  p a r t i c l e  s t a t e s  s a t i s f y  
th e  F erm i-D irac  a n t i - commutâtio n  r e l a t i o n s ,  so th a t  th e  P a u l i  E x c lu s io n  
P r i n c ip l e  i s  s a t i s f i e d .  In t h i s  form alism  eq u a t io n s  ( 1 .3 )  and ( 1 .5 )  
become
H = y e n  (1J3)
o n n nn
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11* = I  < p q |v |m n '> n  *n n -   ^ < p |v |m > n  *n ( 1 .1 4 )
P ,q ,m ,n  ? % *  n p m
are th e  u s u a l  c r e a t io n  and a n n i h i la t i o n  o p era to rs  f o r  the  s t a t e
and the  m a tr ix  e lem en ts  are  g iv e n  e x p l i c i t l y  by 
C p q |v |m n >  = J  t j—  <!>„(£'
3_ * (r )  V (r )  6 (r )  dr . p — — m — —
The summation i s  over d i s t i n c t  m atr ix  e lem en ts  o n ly .
U s in g  the  r e s u l t s  ( 1 .1 3 )  and ( 1 .1 4 )  i n  the  e x p r e s s io n  f o r  H’ ( t ) ,  
eq u a t io n  ( 1 . 1 0 ) ,  U^(0) becomes a sum of products  of v  and V m atr ix  
e le m en ts ,  e^^^ and e*^  ^ f a c t o r s  and. n* and n o p e r a to r s .
By u s e  of Wick’ s Theorem, can be r e p r e se n te d  by a sum o f
d i s t i n c t  Feynmann diagrams in  which a ’ p a r t i c l e ’ i s  r e p r e se n te d  by a l i n e  
d ir e c t e d  upwards and a ’h o l e ’ by a l i n e  d i r e c t e d  downwards. I n t e r a c t io n s  
are r e p r e s e n te d  by h o r iz o n t a l  d o tted  l i n e s ,  and diagrams correspond ing  to  
a V m atr ix  elem ent have an e x tr a  minus s ig n  ( s e e  e q u a t io n  ( 1 . 1 4 ) ) .  A ls o ,  
each diagram must be m u l t i p l i e d  by a f a c t o r  ( - 1 ) ^  ^ where h i s  the  number 
of i n t e r n a l  h o le  l i n e s  and  ^ th e  number o f  c lo s e d  lo o p s .
G o ld s to n e ’s F a c t o r i z a t i o n  Theorem shows th a t  the  numerator, 
U^(0 )Yg(N), o f  the  e x p r e s s io n  f o r  f a c t o r i z e s  i n t o  th e  produce of two
term s, one the sum o f  a l l  l in k ed  diagram s, the o th e r  the  sum o f  a l l  
u n lin k ed  diagram s, the denominator a l s o  b e in g  equal to  t h i s  second f a c t o r .  
By a l in k e d  diagram we mean one which has no p a r t s  t o t a l l y  d isco n n e c te d  
from th e  r e s t  o f  the  diagram.
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U sin g  t h e s e  r e s u l t s  and ca r ry in g  out the  l i n e  in t e g r a t io n s  in  
( 1 . 12) in  th e  l i m i t s  t  -+ a -> 0 , we f in d  th a t
$(N)
n=0 o o
2where , the  sum b e in g  over  l in k e d  diagrams o n ly .
S i m i la r ly ,  the  tru e  s o l u t i o n  f o r  the  e n t i r e  s c a t t e r i n g  system  i s
= ? ( i H n r c  « ' ) "  - ( 1 .1 6 )
(î'H-1)
n=0 ^o “o
I t  was f i r s t  shovm by B e l l  and Squ ires  (1959) th a t  by p r o j e c t in g  
,^(Ntl) one o b ta in s  th e  tr u e  s c a t t e r i n g  wave f u n c t io n  %(k^)
f o r  th e  in c id e n t  e l e c t r o n .
(k ) = (N )u (W + l) -^  ( 1 .1 7 )
= I  ( F H T w i r  kc
n=0 o o o
th a t  i s ,  X i s  the  sum of a l l  l in k e d  diagrams h aving  one p a r t i c l e  l i n e  k^ 
a t  the  bottom and one p a r t i c l e  l i n e  a t  th e  to p .
In t h i s  method th e  e f f e c t  o f  th e  t a r g e t  atom on th e  s c a t t e r i n g  
p a r t i c l e  i s  r e p r e s e n te d  by an e q u iv a le n t  one-body p o t e n t i a l ,
Then the  tr u e  s c a t t e r i n g  wave f u n c t io n  x(k^) s a t i s f i e s  the  o n e - p a r t i c l e  
SchrBdinger e q u a t io n
o —o o
where i s  the  p o t e n t i a l  a c t in g  on the  p a r t i c l e  w ith  momentum Ic^
—o
The o p t i c a l  p o t e n t i a l ,  as f i r s t  d e r iv e d  by B e l l  and Squ ires  (1959) i s
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“o p =  (1 -1 9 ) ^ n=0 o o
where th e  summation i s  over l in k e d  and proper diagrams o n ly .  By ’p r o p e r ’ 
we mean th o s e  l in k e d  diagrams which are not connected  by a s i n g l e  p a r t i c l e  
l i n e  a t  any in te r m e d ia te  s t a g e .  As G oldstone p o in t s  o u t ,  t h i s  i s  to  be  
ex p ected  p h y s i c a l l y ,  s in c e  such a s i n g l e - p a r t i c l e  l i n e  would mean th a t  the  
atom was in  i t s  ground s t a t e  at th a t  in te r m e d ia te  s t a g e .
1 . 3 .  The S i n g l e - P a r t i c l e  S ta te s
B efore  we can make u s e  o f  t h i s  Brueckner-G oldstone th e o r y ,  i t  i s  
f i r s t  n e c e s s a r y  to  o b ta in  a com plete  s e t  o f  s i n g l e - p a r t i c l e  s t a t e s ,  
s o l u t i o n s  of e q u a t io n  ( 1 . 6) ,  and th ey  are determ ined by the  p o t e n t i a l  V^. 
I t  i s  shown by G oldstone (1957) th a t  i f  i s  chosen t o  be th e  I la r tr ee -
pp
Fock p o t e n t i a l  , d e f in e d  by i t s  m a tr ix  e lem en ts
W
< i |V ^ ^ | j >  = j  ( < i n | v | j n >  -  < i n |v |n j >  } , ( 1 . 20 )
n=l
th e  summation b e in g  over  a l l  o r b i t a l s  of th e  ground s t a t e  atom, then  the  
f i r s t  order o p t i c a l  p o t e n t i a l  diagrams c a n c e l  e x a c t l y  ( s e e  F ig u r e  1 . 1 ) .
Thus, w ith  t h i s  c h o ic e  o f  V^, the  le a d in g  terms in  th e  expansion  
f o r  th e  o p t i c a l  p o t e n t i a l ,  ( 1 . 1 9 ) ,  are  second ord er .
Choosing to  be th e  H artree-Fock p o t e n t i a l  we can w r i t e  the
s i n g l e - p a r t i c l e  e ig e n v a lu e  eq u a t io n  ( 1 . 6 ) in  the  more e x p l i c i t  form
j b * ( £ ’ ) - [ ^  b ( £ ’ ) i £  j * n ( £ )
N I q * ( r ' ) e ^  (^-^^)
- *(“s >”s.)^' b(R)h(R “ "nb(R1=1 n 1 ■' '-------- '
-  16 -
where m i s  the s p in  o f  th e  e le c t r o n  i n  th e  s t a t e  . The H a rtree -  s nn . V
Fock o r b i t a l s  f o r  th e  ground s t a t e ,  are gen era ted  by ( 1 .2 1 ) ,
For n e  ( i  = 1 , . . . ,  N) one of the  d i r e c t  terms c a n c e ls  w ith  one of th e
exchange term s, so th a t  the  e l e c t r o n  i n  s t a t e  n s e e s  a p o t e n t i a l  due to
the n u c leu s  and (N-1) o th er  o r b i t a l  e l e c t r o n s .  For e x c i t e d  s t a t e s  4) ,^
(n > N), however, no such c a n c e l l a t i o n  occurs and so th e  p o t e n t i a l
c o n ta in s  N d i r e c t  term s; thus an e x c i t e d  s t a t e  4) s e e s  the  f i e l d  o fn
the n u c leu s  and N o r b i t a l  e l e c t r o n s .  The N s t a t e s  which determ ine  t h i s  
p o t e n t i a l  are f i x e d  and are independent of the  e x c i t e d  s t a t e .
C a lc u la t io n s  by l ly l le r a a s  (1930) show th a t  t h i s  u n d is tu rb ed  p o t e n t i a l  
f o r  th e  n e u tr a l  hydrogen atom i s  too  weak f o r  a bound e x c i t e d  s t a t e  of  
hydrogen t o  e x i s t .  K e l ly  (1963) c o n jec tu r e d  th a t  f o r  many o th e r  
n e u tr a l  atoms a l l  e x c i t e d  s t a t e s  would l i e  i n  th e  continuum and he  
proved t h i s  to  be so f o r  b e r y l l iu m  and l a t e r  f o r  oxygen (K e l ly  1966) .
K e l ly  s t r e s s e d ,  however, th a t  when c a l c u l a t io n s  are made on a p a r t i c u l a r  
atom th e r e  s t i l l  shou ld  be a sea rch  f o r  bound e x c i t e d  s t a t e s .  Pu and 
Chang (1966) invoked L e v in s o n ’s . theorem and looked  f o r  bound e x c i t e d  
s t a t e s  o f  h e l iu m , but' none were found, and so we ex p ect  a l l  e x c i t e d  s t a t e s  
f o r  t h e  t w o - e le c tr o n  atom to  l i e  i n  th e  continuum.
The continuum s t a t e s  ^(k^, £;m,m^) are determ ined from e q u a t io n
9
(1 .2 1 )  by l e t t i n g  = k^‘"/2m. S p h e r ic a l  symmetry i s  assumed so th a t
4 > ( k , £ ;  m , m ^ )  =  M L & Z l  Y ^ ^ ( 8 , ( { ) )  X ^ C m ^ )  ( 1 . 2 2 )
i s  the u su a l  n o t a t i o n .  The Y  ^ are th e  s p h e r ic a l  harmonics and X^(m^) 
the  s p in  e ig e n f u n c t io n s .  The r a d ia l  f u n c t io n  R (k £ ,r )  s a t i s f i e s  th e  
i n t e g r o - d i f f e r e n t i a l  e q u a t io n
F l q u r t  V .  \
-  17 -
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( -  - ^  + ( |  + V ® )  + R(k%.r) = A c i o l . r )  ( 1 .2 3 )
dr r^
where i s  the  H artree-Fock p o t e n t i a l ,  d e f in e d  i n  terms o f  i t s  m atr ix  
e lem en ts  i n  e q u a t io n  ( 1 . 20) .
We now f o l l o w  the  method o f  K e l ly  (1963) and show how th e  
summation over  in te r m e d ia te  s t a t e s  can be r e p la c e d  by an i n t e g r a t i o n  
over k w ith  a f a c t o r  2/ir . Consider th e  atom to  be e n c lo s e d  i n  a la r g e  
s p h e r ic a l  volume o f  ra d iu s  which ten d s  to  i n f i n i t y .  At la r g e  
d i s t a n c e s  from th e  atom the p o t e n t i a l  i s  e f f e c t i v e l y  zero  and th e  R 
f u n c t io n s  are l i n e a r  com binations o f  j^ (k r )  and n ^ (k r ) ,  th e  s p h e r ic a l  
B e s s e l  and s p h e r ic a l  Neumann fu n c t io n s  r e s p e c t i v e l y .  As r  ->■
R (k e ,r )  ~ k r |c o s [ü ^ (k ,2 )A  j^ (k ^ ) -  s in [ ô ^ ( k ,£ ) ]  n  ^(k r )J
~ c o s (k r  + (5 (k,&) -  à(&+i)^)  
k r - ^  °
where 6^ (k, £) i s  th e  zero  order s c a t t e r i n g  phase s h i f t .
S in ce
1 ' " 
i s  (2 /R  )  ^ and
2 2dr r R ( k £ ,r )  = 1 , the  n o r m a li s a t io n  c o n s ta n t  req u ired
2 ^R(k5.,r) ( ~ )  c o s (k r  + 6^ (k ,£ )  -  à(&+l)n) •
r-H» o
I
Now th e  w a v efu n ct io n  must v a n is h  on the  boundary R , and so
(•
kR^ + 6g^k,%) -  (& + l)^  = (n+5)-iï
where n i s  an i n t e g e r .  For a f i x e d  v a lu e  o f  £ the  number o f  e ig e n s t a t e s  
An in  the i n t e r v a l  Ak i s  determ ined by
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(Ak)R^ + A fg (k ,  £) = ( A n ) i T
S in ce  A6 ( k ,£ ) / R  -> 0 as Ro ' o o '
R
An = ( i^ )  Ak ,
dk
0
The n o r m a l i s a t io n  f a c t o r  (2/R^)^ may then  be om itted  and th e  sunmation  
over continuum s t a t e s  changed to  an in t e g r a t io n :
dk . (1 .2 4 )
0
Summations over  m, and m remain to  be c a r r ie d  o u t .s
1 .4 .  E xp ress ion s  f o r  the second order  c o r r e c t io n s  t o  th e  phase s h i f t s
As we have m entioned b e f o r e .  Pu and Chang (1966) have p o in te d  out  
t h a t  i t  i s  im p r a c t ic a b le  to  s o lv e  th e  Schrddinger e q u a t io n  o f  the  
s c a t t e r i n g  e l e c t r o n  w ith o u t  making an a d ia b a t ic  approxim ation t o  the  
o p t i c a l  p o t e n t i a l  The v a l i d i t y  o f  such an approxim ation i s  dubious
and s o ,  to  avo id  the  dilemma. Pu and Chang o b ta in  e x p r e s s io n s  f o r  th e  
phase s h i f t s  by u s in g  a v a r i a t i o n a l  approach. We now g iv e  an o u t l i n e  
of t h i s  approach; a f u l l e r  account o f  the  method i s  a v a i la b l e  i n  Wu and 
Ohmura (1 9 6 2 ) .
I f  we d e f in e  th e  o p era to r  L by 
,2d'
dr 2 o ^^2 r op
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then  by comparing w i t h  eq u a t io n  ( 1 ,1 8 )  we s e e  th a t  th e  ex a c t  
s c a t t e r i n g  w a v e fu n c t io n ,  x ( k ^ ) , s a t i s f i e s  th e  e q u a t io n  LX(k^) 
We now d e f in e  th e  f u n c t i o n  I^(4>) by
=  0 ,
^^*(r)L^^(r) dr
where i s  a t r i a l  w a v e fu n ct io n  which s a t i s f i e s  the  u s u a l  boundary 
c o n d i t io n s ;  t h a t  i s ,  i t  v a n i s h e s  a t  th e  o r i g i n  and has th e  asym p to t ic  
form
£ tt
<P (^r) ~ s i n ( k ^ r -------^ ,
where n . i s  th e  t r i a l  phase s h i f t .  We c o n s id e r  a sm a ll  v a r i a t i o n
i n  the  f u n c t io n  4) .^ Then
I 4k*h(64i )ds +
Jn J
(6*t*)L4^dr + O(ôcf))^
The f i r s t  term can be in te g r a t e d  by p a r t s ,  g iv in g
j  d(()^* . 2
6 l t  = -  4) *^ - ^ ( 5 4 ) ^ ) ------------ 64)j. + 2j 64)^*L4)^dr + 0(64))
0 O ’
Now, u s in g  the  boundary c o n d i t io n s  s a t i s f i e d  by and n o t in g  th a t
£ tt
6*^ (0 ) = 0 and 6*^(r) c o s ( k ^ r -------^ Bg^6n^ ,
we o b ta in
G*t*L*tdr + 0 ( 6*)
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Thus, f o r  4)^  to  be an e x a c t  s o l u t i o n  o f  the  e q u a t io n  = 0 , we 
r e q u ir e ,  to  f i r s t  order i n  64>,
6(1  ^ -  kn^) = 0 .
That i s ,  I .  -  kn» i s  a c o n s ta n t .  I f  6 i s  the c o r r e c te d  phase s h i f tt  I  corr  ‘■
correspond ing  t o  th e  exact  wave f u n c t io n  then
'^corr^'^o’ \  ^  j L dr + 0 ( 6« ^  .
o •' 0
We take  as our t r i a l  f u n c t io n  the  r a d ia l  wave f u n c t io n  R(k^£, r )  
which s a t i s f i e s  e q u at ion  ( 1 .2 3 )  and so
= « / ' ' o '  ' )  ,
o '
R*(k^£,r)LR(k^i?,r)dr ,
where 6^(kQ, £) i s  the  zero  order phase s h i f t  and where
L R (k ^ , l ,r )  = ( -  i i  -  1.2 .  ( §  + V ®  + ^ ) )  R ( k „ .* .r )
dr r Ti ^
= §  “op> •
T h erefore  th e  c o r r e c t io n  to  th e  zero  order phase s h i f t  i s
= 'c o r r fk o -  «
2m
'K. k^ ■
R*(kQ%,r)w^pR(kQ%, r) dr (1 .2 5 )
We have se e n  th a t  the lo w e s t  order  c o n t r ib u t io n s  to
f  k |w Ik ^ come from second order  term s. A p o in t  to  n o te  i s  th a t  t h i s   ^ o op o
means th a t  th e  zero  order r e s u l t s  f o r  th e  phase s h i f t s ,  6^ ( k ^ ,£ ) ,  are 
th em se lves  q u i t e  a c c u r a te .  There are fo u r  second order terms and th e
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correspond ing  diagraras are shown i n  F ig u r e  1 .2 .  These diagrams r e p r e s e n t
c o r r e l a t i o n s  between an incoming e l e c t r o n  in  s t a t e  *, and atomic
o .
e le c t r o n s  i n  s t a t e s  * and * . The f i r s t  o f  t h e se  d iagram s. F ig u r e  1 .2 am n 0  9 0
i s  a s im p le  e x te n s io n  o f  F ig u re  1 .1 a  and r e p r e s e n t s  d i r e c t  s c a t t e r i n g  by
an atom ic e le c t r o n  in  s t a t e  * . At the f i r s t  i n t e r a c t i o n  t h e  in c id e n tn
e le c t r o n  in  s t a t e  i s  s c a t t e r e d  i n  s t a t e  k* w h i le  th e  atom ic e l e c t r o n
o
i s  e x c i t e d  in to  s t a t e  k". At some l a t e r  tim e th e  two e l e c t r o n s  i n t e r a c t  
aga in  and re tu r n  t o  t h e i r  i n i t i a l  s t a t e s .  F ig u r e  1 .2 b  r e p r e s e n t s  exchange  
s c a t t e r i n g  in  which th e  in c id e n t  e l e c t r o n  and one o f  the atom ic e le c t r o n s  
exchange p la c e s .  The rem aining two diagram s. F ig u r e s  1 .2 c  and 1 .2 d ,  are  
e x c l u s i o n - p r i n c i p l e - v i o l a t i n g  (EPV) diagrams which a r i s e  from the  l in k e d -  
c lu s t e r  f a c t o r i s a t i o n .  In each of t h e s e ,  a t  a tim e between th e  two 
i n t e r a c t i o n s  th ere  are two e le c t r o n s  in  the s t a t e  *, . T h is  i s  a
ko
v i o l a t i o n  of th e  P a u l i  E x c lu s io n  P r i n c ip l e  which s t a t e s  th a t  no two 
e le c t r o n s  can occupy the  same s t a t e  s im u lta n e o u s ly .  However, G oldstone  
(1957) s t r e s s e s  t h a t  i n  order f o r  th e  F a c t o r i s a t i o n  Theorem to  h o ld ,  a l l  
diagrams must be in c lu d ed  whether or n o t  they  v i o l a t e  th e  E x c lu s io n  
P r i n c i p l e .  These EPV diagrams were om itted  in  th e  c a l c u l a t i o n s  o f  Pu and 
Chang (1966) but should  be co n s id er e d  in  any problem w ith  two or more 
atomic e l e c t r o n s .
U sing  e q u a t io n s  ( 1 .1 9 )  and 1 .2 5 )  we can x>n:ite down th e  c o n tr ib u t io n s  
o f  each o f  th e  diagrams of  F ig u r e  1 .2  to  the second order c o r r e c t io n  to  
the zero  order phase s h i f t .  From F ig u r e  1 .2 a  we have
= - 1 - - i r h r ^  k'%' >  X
 ^ o o o o
< n  k"£" k ' £ '  lv |  n, * 0 >' k o 'o
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where th e  summation i s  o v e r a l l  s t a t e s  |n k"£" k*£*^ o f  the system ,
e x c lu d in g  the g r o u n d s ta te .  We can r e p la c e  th e  summation by an 
i n t e g r a t io n  by means o f  e q u a t io n  (1 .2 4 )  and thus we o b ta in
, „ 2 N (“ |(k  n |v lk *k " > |^
■ -  r V  j ,  | „ - ' J i r t r z i Â ?
n o
where on ly  u n e x c i te d  s t a t e s  are in c lu d ed  in  the  summation over  n and 
where we have supp ressed  angular  momentum i n d i c e s .  S i m i l a r l y , , the
c o n t r ib u t io n s  from F ig u r e s  1 .2 b ,  1 .2 c  and 1 .2d  are as f o l l o w s :
. _ 2 N (.k n [v |k*k"'^ ^.k"k* |v |k n ^
■ ‘ r < . >  J j o - ' i ' " " * ' - . . - - . , .  > °
o n o
( 1 .2 7 )
■ f < m n  I V 1 k k ’  ^ I ^
A G (c)(k o '* )  - dk* I  6 (m ,m )---------------- r-------—  ( 1 .2 8 )
0 m, n n k £ +e -k  -k  * o m n o
, „  ^ < m n |v |k  k*> <. k*k |v |m n ^
A5 (k ^ ,£ )  = -  —  ( - )  J dk* I  6(ra^ ,m^ )--------------------------------- --—  --------
(d) o "0 m,n n m  ^ -k  ^-k*^
m n o
( 1 .2 9 )
The summations over  m and n in c lu d e  on ly  u n e x c i te d  s t a t e s .  A ls o ,  in  
eq u a t io n s  ( 1 .2 6 )  -  ( 1 .2 9 )  the angular momentum o f  the  k^, k* and k" 
s t a t e s  have been  supp ressed ; we s t i l l  have summations over £*, £", m* 
and m".
For the  helium  atom the  s t a t e s  m and n are both  Is  s t a t e s .  Both  
o r b i t a l s  c o n tr ib u te  to  the d i r e c t  p ar t  ( 1 . 2 6 ) ,  w h i l s t  o n ly  th e  e le c t r o n  
w ith  th e  same s p in  as the in c id e n t  e l e c t r o n  c o n tr ib u te s  to  th e  exchange  
term (1 .2 7 )  and th e  EPV d i r e c t  term ( 1 . 2 8 ) .  There i s  no c o n t r ib u t io n  from
-  24  -
the  EPV exchange term (1 .2 9 )  s in c e  th e  two atom ic e le c t r o n s  n e c e s s a r i l y  
have o p p o s i t e  s p i n s .
-  2 5 -
CTIAPTER I I
TI-TE EVALUATION OF TTIF, SECOND ORDER PRASE SHIFTS
In t h i s  chapter  we g iv e  d e t a i l s  as to  how th e  r a d ia l  w a v e fu n c t io n s ,  
and hence the  z e ro -o r d e r  phase s h i f t s  were e v a lu a te d .  A ls o ,  the  m atr ix  
e lem en ts  needed in  th e  e x p r e ss io n s  f o r  th e  secon d -ord er  c o r r e c t io n s  t o  th e  
phase s h i f t s ,  e q u at ion s  ( 1 .2 6 )  to  ( 1 .2 9 )  are examined, and th e  
e x p r e ss io n s  them se lves  are  w r i t t e n  in  a form s u i t a b l e  f o r  com putation.
2 .1 .  The r a d ia l  w avefu n ct ion s  and the zero  order phase s h i f t s
In t h i s  c a l c u l a t i o n  the  ground s t a t e  helium  w avefu n ct ion  was 
assumed to  have th e  d e m e n t i  (1965) a n a l y t i c  form.
The continuum s t a t e s  s a t i s f y  the i n t e g r o - d i f f e r e n t i a l  e q u at ion
( 1 . 21 ) where as in  e q u a t io n  ( 1 . 22)
'l>,^  = * ( k ,  X^(m^)
E P ( ! a ,  r )  .
The angu lar in te g r a t io n s  in v o lv e d  in  eq u a tio n  (1 .2 1 )  were c a r r ie d  out by 
u s in g  the u su a l exp an sion  f o r  ,— —r , nam ely,
E l  - 2  I
1 “  A , .
[r - r  7  "  ^  ^ 2 aT i  ’^^ l’ ^2^ ^-1^- "^ Ay*^-2^
>—1 —2 ' X=0 u=-AA=0 y
where th e  are  s p h e r ic a l  harmonics, and y ^ (r ^ ,  r^) = r^^/r^^"*"  ^ , 
w ith  r^ b e in g  the  minimum and r^ th e  maximum of r^ and r^ . We o b ta in  
t h e  r a d ia l  e q u a t io n
-  26 -
[  - ^  + %  + -  i l l i l l  -  4v ( r ) ] p ( k ; „  r)
dr^ r
(2 . 2 )
24+1
P ( l s , r ' )  P ( k £ ,r * )  y ^ (r ,r ^ )d r *  P ( l s , r )
where
v ( r )  =
” l . s * U ' ) - l ' i , U ’ ) i l '  r  P ( i . , , r ' ) d r '
~~~r\r -  r 0
We now f o l l o w  a method proposed by P e r c iv a l  and used  by M a r r io tt  (1958)
. 2 ).
2z . , 2  e (P + l)
t o  s o lv e  e q u a t io n  ( 2
,2
We w r i t e  L„ = — rr + —  + k -  
dr^
-  4 v ( r ) ,  then  we have
P(k£ , r)  = -  P ( l s ,  r )  .
s^ P ( I s , s ) P ( k £ , s ) d s  + r^
( 2 . 3 )
£+1 r s
YYf P ( l s , s ) P ( k £ , s ) d s
= g ( P , r ) a ( r )  -  h ( P , r ) 3 ( r )  + 3 ( r )  h(P,°°)
where
g (P ,  r )  = 
h (P , r )  =
a ( r )  = -
P ( l s , s ) P ( k £ , s ) s  ds
P ( l s , s ) P ( k £ , s ) d s
0 7^ ~
2 P ( l s , r )
(2 £ + l ) r £+1
and 3 (r )  = 2 r ^ P ( l s , r )2£+l
( 2 . 4 )
This e q u a t io n  can be reduced to  two s im p ler  e q u a t io n s  by l e t t i n g  
P ( k £ ,r )  = U (k £ ,r )  + y V ( k £ ,r ) ,  f o r  a co n sta n t  y . We th en  o b ta in
-  27
L^U = g(U, r ) a ( r )  -  h(U, r )3 (r)- 
and L^V = g(V, r ) a ( r )  -  h(V, r ) g ( r )  + g (r )
h(U,«0
" i t h   ^ = W T (V T ?  •
These e q u a t io n s  were s o lv e d  by a n o n - i t e r a t i v e  p roced u re , u s in g  
a Newton-Cotes open 5 - p o in t  form f o r  th e  i n t e g r a l s  f o r  g and h and a 
Numerov method f o r  th e  fu n ction sU  and V. The c y c le  was s t a r t e d  by 
assuming power s e r i e s  exp an sion s  f o r  th e  f i r s t  th r e e  v a lu e s  o f  each  of  
th e  f u n c t io n s  g ,  h , U and V. The mesh s i z e  f o r  r was 0 .0 1  a^ and th e  
p r o c e d u r e  ceased  a t  r = 25 a^, by which p o in t  th e  a sy m p to t ic  forms had 
been reach ed .
The Newton-Cotes r o u t in e  was checked by p u t t in g  P ( l s , r )  = e ^
2
and U (r )  = r s i n  k r ,  f u n c t io n s  which g iv e  a n a l y t i c  r e s u l t s  f o r  the
g(U, r )  and h(U, r)  i n t e g r a l s .  The Numerov r o u t in e  was checked by p u t t in g
2 -
the  d i f f e r e n t i a l  o p e r a to r  L„ equal to  y + k^ — and the  f u n c t io n s
dr r
g and h equal to  z e r o .  The eq u a t io n  ( 2 .3 )  th en  reduces  to  th e  s p h e r ic a l  
B e s s e l  e q u a t io n  which has ta b u la te d  s o l u t i o n s .
The c o n s ta n t  y can now be e v a lu a te d  e a s i l y ,  and hence th e  r a d ia l  
f u n c t io n  P ( k £, r ) . The n o r m a l i s a t io n  c o n s ta n t  and th e  zero  order phase  
s h i f t s  were e x tr a c t e d  by f i t t i n g  the  w a v e fu n c t io n  P (k £ , r) a s y m p to t ic a l ly  
to  a l i n e a r  com bination  of s p h e r ic a l  B e s s e l  and s p h e r ic a l  Neumann f u n c t io n s  
(j ^(kr) and Uj^(kr) r e s p e c t i v e l y ) .  We have
P (k £ , r^) = A kr^ ^ 6^ ( k ,£ )  n ^(kr^)3  
where r^ i s  a p o in t  i n  t h e  a sy m p to t ic  r e g io n .  I f  r^ i s  another  such p o in t  
P (k £ , r^) = Akr2 l j 7 (kr2 ) “ tan  5^(k ,£)  n^ (kr^)^
-  9 p.
Hence, s o lv i n g  t h e s e  eq u a t io n s  f o r  A and tan 6 (k , £ ) ,  we o b t a in
A =
P (k £ , r .  ) s e c ( 5 ^ ( k ,  £))
k r i [ j ^ ( k r i )  -  t a n ( 6^ ( k , £ ) ) . n ^ ( k r . ) j , i  = 1 , 2 ,
t a n ( 6^ ( k ,£ ) )  =
P ( k £ ,r 2 )r^ j p (k r p  -  P ( k £ ,r ^ ) r 2J  ^(kr2 ) 
P ( k £ ,r 2 )r^n^(kr^) -  P (k £ ,r^ )  r 2n  ^( 1^ 2 )
The s t a r t i n g  v a lu e  o f  r^ was chosen to  be 2 0 .6 0  a^ and r^ and r 2 were  
in c r e a s e d  in  s u c c e s s i v e  s t e p s  o f  0 .0 2  a^ u n t i l  the  r e s u l t s  f o r  A and 
6^(k , £) had. converged , w i th  an accuracy  o f  10
2 . 2 .  The m a tr ix  e lem en ts  ^ k £ l s | v | k ’ £* k"£"Vo
These m a tr ix  e lem en ts  occur i n  the  e x p r e s s io n s  f o r  th e  secon d -ord er  
c o r r e c t io n s  to  th e  phase s h i f t s  a r i s i n g  from th e  d i r e c t  and exchange  
diagram s. F ig u r e s  1 .2 a  and 1 .2 b .  We have
< k £ l s | v | k ' £ '  K"£") =o
o o
- 1  "  - 2
U sin g  e q u a t io n  ( 2 .1 )  and c a r r y in g  out the  angular i n t e g r a t i o n  over
2  ^ o b ta in
A<k l s l v l k ' 4 '  k " 4" ?  = I „ „ ( l s , k  4 ;k " 4" ,k ' ,4 ')O Z +1 o
( 2 .5 )
where
I a . ( l s ,k Q £ ; k " £ " ,k ' £ ' )  = dr2 P ( l s ,r ^ ) P ( k ^ £ ,r 2 )P (k * £  * , r 2 ) .
P (k " £" ,r^ )Y ^ „(r^ ,r2 )
-  29  -
and where we have assumed w ith o u t  l o s s  o f  g e n e r a l i t y  th a t  th e  i n c id e n t  
e l e c t r o n  has zero  m agnetic  quantum number. The t r i p l e  s p h e r ic a l  harmonic  
i n t e g r a l  can be w r i t t e n  in  terms of Wigner 3 -j  c o e f f i c i e n t s  as
■(2 £^+1 ) ( 2 £2+ 1) ( 2^3+1)
4i t
VO 0 0 /  \m  ^ m2 m3 ,
and v a lu e s  o f  th e se  c o e f f i c i e n t s  are ta b u la te d  in  Edmonds (1 9 5 7 ) .  
V alu es  o f  the  t r i p l e  i n t e g r a l  f o r  s e l e c t e d  v a lu e s  o f  £, £ * and £" are  
g iv en  in  T ab les  2 .1  and 2 . 2 .
We can r e - w r i t e  the  f u n c t io n  I  „ as
I^„(ls ,Ic^£;k"£",k*£*) = J dr2P (k^£, r2)P ( k ' £ ^ r ^ )  f  (k"£", r2)
where
f  ( k " £ " , r j  =2 '  £"+1 
^2
 ^ r^^ P ( l s , r 3)P (k " £ " ,r 3)dr^
+ r.
„ P ( l s , r ^ ) P ( k " £ " ,r 3)
. dr.
(2 . 6)
( 2 .7 )
Now th e se  i n t e g r a l s  are p r e c i s e l y  g and h i n t e g r a l s  ( s e e  eq u ation  ( 2 .4 ) )  
and so we can w r i t e
1 £11 £tr
f ( k " £ " ,r 2 )  -------------s(P»i^2^ + ^2 ^(P , ~) -  r 2 h (P , i^ )
The f  f u n c t io n s  were t h e r e f o r e  e v a lu a te d  in  th e  same r o u t in e  as the r a d ia l  
w a v e fu n c t io n s . The in t e g r a t io n  th e  r ig h t - h a n d - s id e  of e q u a t io n  ( 2 .6 )
-  30 -
was then e v a lu a te d  by a 4 7 5 -p o in t  Simpson's r u le ,  u s in g  mesh s i z e s  o f  
0 ,0 2  a^ f o r  r e  |P> » C. 04 a^ f o r  r e (6 ,  IC^  and 0 .2  a^ f o r  r e (10 , 25j .
A mesh o f  0 ,0 1  a^ throughout was used  i n i t i a l l y ,  but i t  was found th a t  th e  
above scheme w h i l s t  reducin g  the  computing time c o n s id e r a b ly  did  not lea d  
to  any l o s s  o f  accuracy .
2 . 3 ,  Second order c o r r e c t io n s  from the d i r e c t  and exchange diagrams
From e q u a t io n  (1 ,2 6 )  th e  second order c o r r e c t io n  to  the  zero  order  
phase s h i f t  from the d i r e c t  diagram. F ig u re  1 .2 a  i s  g iv e n  by
dl .11  _ (2 . 8)
2e , + k  ^ -  k'^ -  k"2o I s  o
where
A ' ( k " , k ' )  =  J  J  I < Is  k £ | v | k"£"  k ' £ '  > I^ , 
4 ' . '4" m',m" °
the m a tr ix  e lem ents  b e in g  g iv en  by e q u a t io n  ( 2 . 5 ) .  We c on s id er  
A '(k " , k*) f o r  in c id e n t  s - ,  p -  and d-w aves, in  tu r n .  For th e  s -  and p -  
wave c a se s  we a l lo w  in te r m e d ia te  angular  momenta £" = 0 ,  1 , 2 , 3 and 
f o r  th e  d-wave a l s o  £ ' , £ " =  4 .
( i )  s-wave (P = 0)
/4'iï
( \m"
Sin ce  jY^Q^fr^) ^£i^* ^ £"m "-2^ ^-2  ^
i t  f o l l o w s  th a t
— 31 —
4 " = 0  m " = - 4 "
( 2 . 9 )
( I . ( 1 . 1 ) ) 2  ( 1 , ( 2 , 2 ) ) ^  ( I , ( 3 ,3 ) ) ^
= ( I  ( 0 , 0 ) ) ^  + — i - 5 ----------  + - Z _   + _ i _ --------
where = I ^ „ ( l s ,  k^£; k"£", k ' £ ' )  and i s  g iv en  by eq u a t io n  ( 2 . 6 )
( i i )  p-wave (£ = 1)
There are s i x  com binations o f  a l low ed  v a lu e s  o f  £ '  and £" which  
g iv e  n on-zero  v a lu e s  o f  the angular  i n t e g r a l  o c c u r r in g  i n  e q u a t io n  ( 2 . 5 ) .  
These are  shown in  Table 2 .1 ;  i n  each case  m' = -m". I t  i s  e a s i l y  
shown t h a t
I , ( 1 ,0 )  2 I , ( 1 ,2 )  2
A'(k"*k')&.i = ( lo(O'l))  +  ) +--2(-J-Y-----)
I ( 2 ,1 )  2 1 , ( 2 , 3 )  2 I  ( 3 ,2 )  2
+ 2 ( - = - t ) + 3 ( -^ -p ----- ) + 3(— =------ )
(2 . 10 )
( i i i )  d-wave (c. = 2)
In th e  case  o f  an in c id e n t  d-wave e l e c t r o n  th e r e  are ten
com binations of the  a llow ed  v a lu e s  of £' and £" which g iv e n  non-zero
v a lu e s  of the t r i p l e  s p h e r ic a l  harmonic i n t e g r a l ,  and t h e s e  are shown i n
Table 2 . 2 ' a g a in ,  m' = -m", and i t  f o l l o w s  th a t
2 6 I l ( l ' l )  2 , g i p i , 3 )  2
A ' ( k " .k ’ ) j ^2 = -------3---- ) + ; ( ------3----- )
I , ( 2 ,0 )  2 1 , ( 2 , 2 )  2 : „ 1 , ( 2 , 4 )  2 I . ( 3 ,1 )  2
+ ( - V - )  +
2 8 / 3 ^ ^ ’ 2 \ 2  i g  1 4 ( 4 , 2) 2 i g o  2
+ 15(— ----- ) + — (-9------) + - 7 7  (— 9---- ) • ■
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The f u n c t io n s  A*(k", k*) were ev a lu a ted  n u m erica l ly  u s in g  th e
methods o f  § 2 .2 .  The k' and k" i n t e g r a t io n s  in  e q u at ion  ( 2 .8 )  were
then c a r r ie d  out u s in g  a 4 2 -p o in t  Simpson's r u le  and assuming an upper
l i m i t  o f  k ' , '  k" = 10 , s in c e  n e g l i g i b l e  c o n tr ib u t io n s  were ob ta in ed  from
the h ig h e r  k ' ,  k" r e g io n .  Hence th e  c o r r e c t io n  A5 . (k , £) to  the
(a) o
phase s h i f t  was found.
The second order c o r r e c t io n  to  the phase s h i f t  due to  th e  exchange  
diagram, g iv e n  by e q u a t io n  (1 .2 7 )  was ev a lu a ted  s i m i l a r l y .
V a lues  o f  / 4t
Table 2 .1
dr
■ £ '=0 £'=1 £ '=2 £ »=3
£"=0 m"=0 0 1 0 0
m"=0 1 0 A / 5 0£"=1 m"=+l 0 0 - / 3 / 5 0
m"=0 0 7 4 /5 0 /2 7 /3 5
£"=2 m"=+l 0 - / 3 / 5 0 - / 2 4 / 3 5
m'*=+2 • 0 0 0 /1 5 /3 5
m"=0 0 0 /2 7 /3 5 0
m"=+l 0 0 - /2 4 / 3 5 0
£"=3 m"=+2 0 0 /1 5 /3 5 0
m"=+3 0 0 0 0
-  33 -
Table 2 .2
V a l u e s  o f  4^  J Y , „ ^ „ ( Î 2) d f .
£'=0 £'=1 £'=2 £'=3 £'=4
*"=0 m"=0 0 0 1 0 0
£"=1
m"=0 0 / 4 / 5 0 / 2 7 / 3 5 0
m"=+l 0 / lA s 0 - / Ï 8 / 3 5 0
m"=0 1 0 / 2 0 /4 9 0 736 /49
£"=2 m"=+l 0 0 - /5 ' /4 9 0 730/49-
m"=+2 0 0 /2 0 /4 9 0 7 Ï 5 /4 9
m"=0 0 /2 7 /3 5 0 /1 6 /4 5 0
£"=3
m"=+l
m"=+2
0
0
- / 1 8 / 3 5
0
0
0
- / 9 / 4 5
0
0 
. 0
m"=+3 - 0 0 0 725/35 0
m"=0 0 0 /5 6 /4 9 0 j  2000 J  5929
m"=+l 0 0 /3 0 /4 9 0 /1445  J  5929
£"=4 m"=+2 0 0 /1 5 /4 9 0
1 320 
J5929
m"=+3 0 0 0 0 75/121
m"=+4 0 0 0 0 7^0/121
— 34 —
2 . 4 .  The second order EPV diagram
The c o n t r ib u t io n  to  the second order phase s h i f t  o f  the  EPV 
diagram, F igu re  1 .2 c  i s  g iv e n ,  as in  eq u ation  (1 .2 8 )  by
■ 1/2 i"’ I < Is  Is  I v |k  £ k '£  * > I ^
J  — T T T p r -  ■ “ • “ >
o Is  o
Now < l s  l s | v | I ;^4 k ' j ' >  = Jj dr^ d r ,
lEl ■ I 2 1 "o
- 1 . . ,U sing  the expansion  f o r ,— y g iv en  in  eq u at ion  ( 2 .1 )  and carry in g  out
1 - 1  - 2  I
th e  angular i n t e g r a t io n s  one o b ta in s
< I s  Is  IVI k £ k'  £ ' > = I ( I s , I s ;  k £,  k ' £ ' ) - ^ ^  ^o £ '  ' ’ o '  ' 2£+l
That i s
r  ,ii.î I o ( l s , l s ;  k j £ ,  k '£ )  2
"o Is  O
where I ^ ( l s ,  I s ;  k^£, k ’ £) = dr P ( l s , r ) P ( k ' £ , r ) f ( k ^ £ ,  r) w ith
f ( k ^ £ ,r )  d e f in e d  by eq u a t io n  ( 2 . 7 ) .  As b e f o r e ,  the  i n t e g r a t io n  over  r 
was c a r r ie d  out by u s in g  a 4 7 5 -p o in t  Simpson’s r u le  and the  in t e g r a t io n  
over k ’ by u s in g  a 4 2 -p o in t  Simpson's r u l e .
-  35 -
CHAPTER I I I
RESULTS OF THE CdlPLETE SECOND ORDER OPTICAL 
POTENTIAL CALCULATION
3 .1 .  Other T h e o r e t ic a l  Models
Our a n a ly s i s  to t h i s  p o in t  i s  i d e n t i c a l  w ith  t h a t  o f  Pu and 
Chang (1966) e x c ep t  th a t
( i )  we in c lu d e  EPV diagrams 1 .2 c  and 1 .2 d ,
( i i )  in te r m ed ia te  angular momenta £ ' ,  £"=0 , 1 , 2, 3, 4 are in c lu d ed ,
whereas Pu and Chang consid ered  on ly  £ ' ,  £" = 0 ,  1, 2,
( i i i )  we e v a lu a te  the  second order c o r r e c t io n  to  the d-wave phase
s h i f t  (£ = 2 ) .
In s e c t i o n  3 .2  we g iv e  our r e s u l t s ,  which r e p r e s e n t  a complete  
secon d-order  c a l c u l a t io n ,  and we compare w ith  the r e s u l t s  of fou r  other  
r e c e n t  c a l c u l a t i o n s ,  in  a d d i t io n  to  th a t  of Pu and Chang. In t h i s  s e c t i o n  
we g iv e  a b r i e f  summary of  each of th e se  fo u r  methods.
(a) The Polarised Orbital Method (PO^l)
The p o la r is e d  o r b i t a l  method i s  d i s c u s s e d  in  d e t a i l  by Drachmae 
and Temkin (1971) and so we p r e sen t  on ly  a b r i e f  d e s c r i p t io n  h ere .
The method attem pts to  in co rp o ra te  the e s s e n t i a l  p h y s ic s  of the problem  
in  the  form of the wave fu n c t io n .  The s c a t t e r i n g  problem i s  d iv id ed  in to  
two p a r ts  to  be tr e a te d  s e q u e n t ia l ly :  the c a l c u l a t io n  of the  d i s t o r t e d
t a r g e t  w avefu n ction  and the c a lc u l a t io n  of the s c a t t e r i n g  phase s h i f t s .
The wave f u n c t io n  fo r  th e  whole system , s a t i s f i e s  the
SchrUdinger equation  ■
(H -  E)Y^^^^^ = 0 ( 3 .1 )
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where H i s  the sum of the Hamiltonian fo r  the  atom, th e  k i n e t i c  energy  
operator  f o r  the  in c id e n t  e l e c t r o n  and the  p o t e n t i a l  energy ^ due
to  the Coulomb in t e r a c t i o n  of  the in c id e n t  e l e c t r o n  w ith  th e  atomic  
system . In th e  POM we u se  a t r i a l  s o lu t i o n  o f  equation  ( 3 . 1 ) ,  ({)^  
g iv en  by
v.> •
That i s ,  ^^  i s  the antisym m etrized product of ({)^^, the  e le c t r o n
w avefu n ction  d e s c r ib in g  the  s c a t t e r i n g  p ro cess  and
* , ( N t l )  = * (N) + *(H+1 )
o p^ '
the  d i s t o r t e d  ( p o la r i s e d )  atomic w avefu n ction  c o n s i s t in g  of the  ground 
s t a t e  atomic w avefunction   ^ and a c o r r e c t io n  f a c t o r  due to  th e
O Ü Ù
p o l a r i s a t io n  of the atomic o r b i t a l s  caused by th e  p resen ce  of the in c id e n t  
e l e c t r o n .
I t  i s  assumed th a t  the  unperturbed ground s t a t e  o f  the atom which
i s  d e s c r ib e d  by a s i n g l e  S la te r  determ inant of one e le c t r o n  w avefunctions
i s  perturbed a d i a b a t i c a l ly  by the incoming e le c t r o n .  A lso  the
p e r tu r b a t io n ,  which i s  in  f a c t  the e l e c t r o s t a t i c  r e p u ls io n  betide en the
s c a t t e r i n g  and atomic e l e c t r o n s ,  i s  d ip o le  approximated and assumed to  be
zero  when the in c id e n t  p a r t i c l e  i s  ' i n s i d e '  the  atom. That i s  
W 2 r .
V%+1 ,A “  . K  ~ 2^
where
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To the  f i r s t  order we can w r i te  the d i s t o r t e d  atomic w avefunction
. f Ii’
°  h i
where r^^^ i s  f i x e d  because  o f  the a d ia b a t ic  approximation and where 
•ÎH — ^ d e t (^2 $ •••>  4'' > 4 ^ ^> • • • » ) •
The d i s t o r t e d  fu n c t io n s  ' s a t i s f y  a coupled s e t  of i n t e g r o - d i f f e r e n t i a l  
e q u a t io n s .  Temkin (1957) reduces t h e s e  to  an uncoupled s e t  of ordinary  
d i f f e r e n t i a l  eq u ation s  by invoking S tern heim er's  approxim ation, f i r s t  
used by Sternheim er (1954) to  c a l c u l a t e  p o l a r i z a b i l i t i e s  of v a r io u s  c lo s e d  
s h e l l  io n s  and atoms. Temkin shows t h i s  t o  be a good approximation i n  the  
problem which we are c o n s id e r in g .  tie then  o b ta in ed  the  s u b s id ia r y  eq u ation s
£ ,m'
where the c o n s ta n ts  , are g iv e n  by
= ( - 1)"' ^ 3 ( 2 7 + 1 )  (l% 00|4 '0)(14m '-m  m |4'm ') .
The l a t t e r  two b rack ets  in  t h i s  e x p r e ss io n  are Clebsch-Gordon c o e f f i c i e n t s  
in  the u su a l  n o t a t i o n . )  The r a d ia l  fu n c t io n s  U ^ ^ ^ ^ ,( r )  s a t i s f y  the  
equation s
38 -
dr
%n4(r)
where
, , ,,2
V ' ' II ,
n£ L dr■ « ' “ ■ î h i h  » ■ ■ “ > ! •
From the p r o p e r t ie s  of the  Clebsch-Gordon c o e f f i c i e n t  (1 £ 0 0 |£ '0 )  i t  f o l l o w s  
t h a t  £' = £ +_ 1 .
Thus we se e  that each determ inant in  the  o r ig i n a l  w avefunction  i s  
r e p la c e d  by a sum o f  determ inants in  which each o r b i t a l  i s  r e p la c e d  by a 
subsum over  a l l  i t s  p o la r is e d  o r b i t a l s .
The eq u ation  of motion o f  the s c a t t e r i n g  e l e c t r o n ' s  w avefu n ction  
<})(r^^^) i s  ob ta in ed  by p r o j e c t in g  onto eq u ation  (3 .1 )  by the  unperturbed  
atom ic w avefu n ction  and i n t e g r a t in g  over th e  co o r d in a te s :
dr -  dr 0 = 0 .
—i  —M O t
In t h i s  eq u ation  th e r e  are fo u r  terms in  th e  e f f e c t i v e  p o t e n t i a l .  They
are the  s t a t i c ,  s t a t i c - e x c h a n g e ,  p o l a r i z a t io n  and p o la r iz a t io n -e x c h a n g e  
p o t e n t i a l s ,  and a l l  must be in c lu d ed  in  a f u l l  p o la r is e d  o r b i t a l  
c a l c u l a t i o n .  The s c a t t e r i n g  phase s h i f t s  are  then  found from the wave 
f u n c t io n  o f  the  s c a t t e r e d  e l e c t r o n .
The PŒI method as o u t l in e d  above i s  a p p l ied  in  a s tr a ig h t fo r w a r d  
manner to  e le c tr o n -h e l iu m  s c a t t e r i n g  by Duxler e t  a l .  (1 971 ) .  The r a d ia l  
w a v efu n ction  f o r  the  s c a t t e r e d  e l e c t r o n  s a t i s f i e s  a ra th er  len g th y  eq u ation  
in v o lv in g  a l l  th e  v a r io u s  p o t e n t i a l s  an d 'th e  f u n c t io n  ( r ) . Th is
d ip o le  d i s t o r t i o n  f u n c t io n ,  ^^^ ^^(r), s a t i s f i e s  the Sternheimer eq u ation
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i2 U "(r)
" 7 ) = r " l s ( r )  '
and the  Is  r a d ia l  f u n c t io n ,  i s  taken to  be the H artree—Fock helium
w avefu n ct ion  of Roothaan Sachs and Weiss ( I 9 6 0 ) .
Duxler c t  a l .  carry out a f u l l  p o la r is e d  o r b i t a l  method c a l c u l a t io n ,  
making no d e l e t i o n s  in  e i t h e r  the  eq u ation  s a t i s f i e d  by the r a d ia l  wave­
f u n c t io n s  fo r  the s c a t t e r e d  e le c t r o n  or in  eq u ation  ( 3 . 2 ) .
(b) A Green's Function Method
Yarlagadda c t  a l .  (1973) apply the  g e n e r a l i s e d  random-phase 
approxim ation (GRPA) su g g ested  by Schneider e t  a l .  (1970) to  the  s c a t t e r i n g  
and b o u n d -sta te  p r o p e r t ie s  of the helium  atom.
In the case  of s c a t t e r i n g  o f  a s low  e le c t r o n  from an atom exchange  
and d i s t o r t i o n  e f f e c t s  p lay  important r o l e s ,  the  d i s t o r t io n s  b e in g  due 
b a s i c a l l y  to  the  p o l a r i s a t io n  of the atom ic charge cloud by the in c id e n t  
e l e c t r o n .  One can th in k  of  the  in c id e n t  e le c t r o n  as moving in  the  
p o t e n t i a l  o f  the  p o la r is e d  t a r g e t ,  and as a r e s u l t  o f  t h i s  motion the  t a r g e t  
e le c t r o n s  are perturbed . Thus the  e x te r n a l  e l e c t r o n  probes the  i n t e r a c t i o n  
between t a r g e t  e l e c t r o n s  as w e l l  as r e a c t in g  to  the  d i s t o r t i o n s  of the  
t a r g e t  d e n s i ty  due to  i t s  o\m p r e se n c e .  In the  GRPA th ere  are two b a s i c  
eq u a t io n s;  the f i r s t  i s  the eq u ation  f o r  the l in e a r  response  fu n c t io n  o f  
the t a r g e t ,  which r e p r e s e n ts  th e  d i s t o r t i o n  of the  atomic charge cloud  
by the moving in c id e n t  e l e c t r o n .  The second i s  the eq u ation  f o r  th e  one-  
p a r t i c l e  G reen's f u n c t io n .  This second equation  depends upon a knowledge  
of the  l in e a r  resp onse  f u n c t io n  which appears in  the  o p t i c a l  potentia l th a t  
governs the eq u ation  of m otion f o r  the Green's f u n c t io n .  T his  o p t i c a l  
p o t e n t i a l ,  which i s  the  tru e  n o n - lo c a l  energy-dependent p o t e n t i a l  seen  by a 
p a r t i c l e  moving in  the  f i e l d  of th e  g r o u n d -s ta te  t a r g e t  i s  in  f a c t  i d e n t i c a l
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w itn  the o p t i c a l  p o t e n t i a l  o ccu rr in g  in  the  Brueckner-GoIdstone theory  
of Chapter I ,
Only a very  b r i e f  summary o f  the  work of  Yarlagadda e t  a l .  i s  
g iv e n ,  s in c e  the  d e r iv a t io n s  of the equation s  are u nn ecessary  h ere .  The 
G reen's fu n c t io n  i s  the n o t a t io n  of th e  GRPA i s  w r i t t e n  as
. k r
a=l a J J
where E. i s  the o r b i t a l  energy of the  e le c t r o n  io n  s t a t e  <j).. The 
J J
(j) and (p. are the  Dyson am plitudes , a b e in g  an occunied  o r b i t a l  and j
J " "
b e in g  an unoccupied o r b i t a l ,  and they s a t i s f y  the Dyson eq u ation
+ Jclr , '  ï ( r ^ , r j ^ ' , F 7 < t , ^ ( r g )  = ( 3 . 4 )
where h^ i s  the  k i n e t i c  energy p lu s  the  n u c lear  a t t r a c t i o n  and Z i s  the  
o p t i c a l  p o t e n t i a l  ( c . f ,  eq u ation  ( 1 . 1 8 ) ) .  Z i s  expanded as
 ^ (r^ , z) • ( 3 .5 )
The f i r s t  order terra in  the  o p t i c a l  p o t e n t i a l ,  Z^  ^ , i s  p r e c i s e l y  the
Ilartree-Fock p o t e n t i a l  which we have c a l l e d  the  z e ro -o r d e r  term. The
second order term s, Z^  and z'*' correspond to  the two p a r ts  o f  th e  Green's
f u n c t io n  of e q u a t io n  ( 3 .3 )  and are e q u iv a le n t  to  the  second order o p t i c a l
p o t e n t i a l  in  our work in  a f i r s t  i t e r a t i o n  of t h i s  method w ith  th e
d) , cb. taken to  be H artree-Fock o r b i t a l s .  They in v o lv e  th e  Bethe-  
a J
S a lp e te r  am p litu d es ,  X^, g iv en  by
‘" ( £ l £ l ’ ) = I  *a*(E i)  * c ( l l ' )  •
a , c
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where the  c o e f f i c i e n t s  s a t i s f y
ac
( 3 .6 )
b , c l
where -  1 i f  a c and 0 o th e r w is e .  A lso
v '”’ = <ad|— |cb>
where a , b , c and d r e p r ese n t  both occup ied  and unoccupied o r b i t a l s  and 
i s  the e x c i t a t i o n  energy from the  ground s t a t e  t o  e x c i t e d  s t a t e s  o f  th e  
system .
The l in e a r  resp on se  f u n c t io n  i s  g iv e n  by
sig n (U  ) x ’^ Cr,' 17) X^*(r r ' )
R ( r i  r ,  r , '  r , \  z) = A '
n n  ^ n
The procedure f o r  e x t r a c t in g  the phase s h i f t s  i s  to  s o lv e  th e  K a rtree -  
Fock e q u a t io n  fo r  helium  to  o b ta in  a b a s i s  s e t  o f  o r b i t a l s  which then g iv e  
the  H artree-Fock G reen's f u n c t io n .  Secondly , t h i s  G reen's f u n c t io n  i s  
u sed  to  s o lv e  the  RPA e ig e n v a lu e  e q u a t io n  ( 3 . 6 ) .  The e ig e n v a lu e s  are th e  
e x c i t a t i o n  e n e r g ie s  o f  he lium . The e ig e n v a lu e s  and e ig e n f u n c t io n s  are  
then  u sed  to  c o n s tr u c t  th e  o p t i c a l  p o t e n t i a l  o f  eq u at ion  ( 3 . 5 ) .  F i n a l l y  
the Dyson e q u a t io n  ( 3 .4 )  i s  s o lv e d  to  g iv e  the  p a r t i a l  wave phase s h i f t s .
Although t h i s  work seems on th e  s u r fa c e  to  be v e r y  d i f f e r e n t  from 
ours we can se e  th a t  i t  i s  in  f a c t  a p a r a l l e l  method to  our second order  
c a l c u l a t i o n  and we could  expect  comparable r e s u l t s .  The main i n t e r e s t  in  
th e  paper o f  Yarlagadda e t  a l .  i s  however to  dem onstrate th e  way i n  which  
many s c a t t e r i n g  and b o u n d -s ta te  p r o p e r t ie s  can be c a lc u la t e d  s im u lta n e o u s ly ,  
u s in g  the G reen's  f u n c t io n  te c h n iq u e .  For t h i s  reason  th ey  have dec id ed  
to  work w ith  a l im i t e d  b a s i s  s e t  o f  t h i r t y - s i x  o r b i t a l s  ( 12s - t y p e ,  12 p - ty p e
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and 12 d - t y p e ) ,  thus keep in g  the  computation at  a low l e v e l .  We in c lu d e  
a l s o  f  o r b i t a l s  (and in  the ca se  of the  d wave, g o r b i t a l s )  and we show 
t h a t  th ey  g iv e  s i g n i f i c a n t  c o n t r ib u t io n s  to  the phase s h i f t s .  We a l s o  
in c lu d e  more o r b i t a l s  of each £ v a lu e .
(c )  A v a r i a t i o n a l  Method
S in fa i la m  and Nesbet (1972) have made c a lc u la t io n s  on th e  e l a s t i c  
s c a t t e r i n g  of s low  e le c t r o n s  by helium  u s in g  a v a r i a t i o n a l  procedure .
C onsider f i r s t  th e  g en era l  case  of the  s c a t t e r i n g  o f  an e l e c t r o n  
by an N -e le c t r o n  atom. A com plete orthonormal s e t  o f  one e le c t r o n  
o r b i t a l s  i s  assumed, o f  which the  f i r s t  N, denoted by <j)^  ( i  = 1, . . . ,  N) 
are occup ied  in  the S la t e r  determ inant which i s  the ground s t a t e  of
the  atom. A t o t a l  t r i a l  wave f u n c t io n  d e s c r ib in g  th e  system  can be 
w r i t t e n  in  th e  form
Y = J A 0 + J $ c ( 3 .7 )i  p p Y y y
where 0^ i s  a norm alised  N - e le c tr o n  w a v efu n ct io n  f o r  the  t a r g e t  atom 
which can be e x p ressed  as
0 = y 0 c  ^ ( 3 .8 )p 4
where each Y i s  a norm alised  N -e le c t r o n  S l a t e r  determ inant c o n str u c te da
from the o r b i t a l  fu n c t io n s  (j) ^ . The c o e f f i c i e n t s  c^^ a re '  e lem ents  of  an
e ig e n v e c to r  of the N -e le c t r o n  c o n f ig u r a t io n  i n t e r a c t i o n  m atr ix
correspond ing  to  the  energy e ig e n v a lu e  E^.
rp i s  the one e le c t r o n  wave fu n c t io n  fo r  an open channel w ith
2
angular  momentum £  ^ and k i n e t i c  energy |k^ a . u . .  I t  i s  o f  the  form
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where s a t i s f i e s  the u su a l  boundary c o n d i t io n  a t  r = 0 , i s  orth ogona l  
to  a l l  r a d ia l  f u n c t io n s  fo r  the o r b i t a l s  ((). having the  same angular and 
sp in  quantum numbers, and has the asym p totic  form
_ l  -1
f  (r )  k  ^ r s in ( k  r -  tt + 6 ) .
P P P P P
That i s
f p ( r )  = "opSp " %  S  ( 3 .9 )
where
-1  -1
S k r s in ( k  r -  gJl tt) p p P P
- 1 - 1
C ^  k  ^ r c o s (k  r -  | £  Tî)
P P P P
The o p era tor  A o ccu rr in g  in  eq u a t io n  (3 .7 )  antisyram etrizes 6 ip
and in c lu d e s  the f a c t o r  (Nf1)  ^ which i s  requ ired  to  g iv e  t h i s  f u n c t io n  the
same r e l a t i v e  n o r m a liz a t io n  as an (T h - l) -e le c tr o n  S la t e r  determ inant.
The Y appearing i n  th e  l a s t  term of e q u a t io n  ( 3 .7 )  i s  one of an assumed
orthonormal s e t  o f  (N+1) p a r t i c l e  S la t e r  determ im ants, This b a s i c  s e t  of
determ inants  i s  d e f in e d  i n  terms o f  v i r t u a l  e x c i t a t i o n s  o f  the ground s t a t e
Y , in  which o r b i t a l s  Y (a > N) r e p la c e  the occupied  o r b i t a l s  of Y . o a o
The b a s i s  fu n c t io n s  are e x e m p li f ie d  by
Y  ^ = d e t (Y ^ ( l )  -  ~ 4 y ( j )  “ ^%(W)
Y?  ^ = d e t (Y ^ ( l )  -  Y g(i)  “ 4 y ( j )  “ ^^^W) Y^(Ni-l)} (3 .1 0 )
(jjGbc  ^ d e c { ^ ^ ( l)  -  Y g(i)  ” .(|’i , ( j )  -  O^ ^W) Yg, (^^1)}
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U sing  eq u a t io n s  ( 3 .8 )  and ( 3 .9 )  and n o t in g  th a t  th e  Schr8dinger  
e q u a t io n  i s  l in e a r  we can ex p ress  eq u ation  (3 .7 )  in  the form
The c o e f f i c i e n t s  c^ o f  e q u at ion  ( 3 . 7 ) ,  which are to  be determ ined by the  
v a r i a t i o n a l  c a l c u l a t i o n ,  have been expanded as
c =  ^ (a c°^ + a., c ) ,
II ^ Op y Ip  y *
and the  ( N + l ) - e le c t r o n  s t a t e r  determ inants  Y are d e f in e d  by
(1°P = A Y S  , Y ^ ^ = A Y c
o O p  a , o p
With th e se  d e f i n i t i o n s ,  S in fa i la m  and Nesbet proceed to  use  a 
m o d if ie d  v e r s io n  o f  the m u lt ich a n n e l  Kohn v a r i a t i o n a l  method, which i s  
d e sc r ib e d  in  d e t a i l  by Nesbet and Oberoi (1 9 7 2 ) ,  and c a l c u l a t e  the  
c o e f f i c i e n t s  oc c u r r in g  i n  e q u a t io n  ( 3 .1 1 ) .
In the  case  o f  the  d-wave e l a s t i c  s c a t t e r i n g  o f  e l e c t r o n s  by h e lium ,  
b a s i s  s t a t e s  of the form (3 .1 0 )  which in c lu d e  th e  v i r t u a l  e x c i t a t i o n  o f  one 
e le c t r o n  from the ground s t a t e  are u s e d .  In a d d i t io n  to  the u su a l  channel  
( I s ) ^  d , where ^  denotes  the continuum f u n c t io n ,  o th er  channels  are  
in c lu d ed :
l s 2p p , l s 2p f  , I s  p p , I s  p f .  Is  d s , . . .  e t c . ,
where th e  bar denotes  a p s e u d o s ta te .  In t h i s  way p o l a r i z a t io n  and 
c o r r e l a t i o n  can be taken in t o  account.
There i s  no r ig o r o u s  way o f  choosin g  the  s e t  o f  b a s i s  fu n c t io n s  used  
f o r  the  l in e a r  exp an s ion  o f  the  t r i a l  w avefunction ;  care must be taken th a t
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they  form a com plete  s e t .  S in fa i la m  and Nesbet (1972) have used one 
e le c t r o n  o r b i t a l s  o f  the  form
N r V - Y ^ d )
where the  v a lu e s  of n and a have been chosen i n  a sy s te m a t ic  way to  ensure  
com p leten ess  and a l s o  to  g iv e  good convergence of the  r e s u l t s  f o r  the  
phase s h i f t s .
(d) Phase S h i f t  A n a ly s is  o f  Experim ental Data
A d e t a i l e d  d e s c r i p t io n  of  t h i s  method i s  g iv e n  in  Part I I  of t h i s  
t h e s i s . The case  o f  e le c tr o n -h e l iu m  s c a t t e r i n g  i s  con s id ered  i n  two 
papers (Bransden and McDowell 1969, McDowell 1971a) but we u s e  the  r e s u l t s  
o f  a more r e c e n t  r e v i s i o n  u s in g  new exper im en ta l measurements (Bransden 
e t  a l . 1973).
3 .2 .  The R e s u lts  o f  our Second Order C a lc u la t io n
We c o n s id er  each phase s h i f t  in  turn . We show i n  Table 3 .1  our
r e s u l t s  f o r  the  s wave (£ = 0) phase s h i f t .  We g iv e  the zero  order r e s u l t
( th e  c e n tr a l  f i e l d  exchange approx im ation ),  the second order c o r r e c t io n  from  
the d i r e c t  and exchange non-EPV diagrams. F ig u r e s  1 .2 a  and 1 . 2b, the EPV 
c o r r e c t io n  from F igure  1 .2 c ,  and the  r e s u l t s  o f  Pu and Chang (1 966 ) .  The 
EPV c o r r e c t io n  i s  very  sm a l l ,  but i s  n u m er ica l ly  g r e a te r  than the  e x tr a  
c o n t r ib u t io n  from in te r m e d ia te  angular momenta £*, £" = 3. For t h i s  
re a so n ,  our r e s u l t s  are s l i g h t l y  lower than th o se  o f  Pu and Chang.
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Table 3 . 1 .  s-wave p h a s e s h i f t s  in c lu d in g  a l l  
second order c o n tr ib u t io n s
k0
( a . u . )
Zero
order
C o rrection  
from F i g s .  
1 . 2a and 
1 . 2b
EPV
c o n t r i ­
b u t io n
Our
t o t a l
Pu and 
Chang
0 .3 2 .7045 0 .0 3 4 3 -  0 .0049 2 .7339 2 .7391
0 .6 2 .3111 0 .0450 -  0 .0081 2 .3480 2 .3555
1 .0 1 .8900 0 .0 5 2 0 -  0 .0090 1.9330 1.9412
In  Table 3 .2  we compare our r e s u l t s  w ith  th o s e  o f  the  f u l l  
p o la r i s e d  o r b i t a l  trea tm ent o f  Duxler e t  a l .  (1 9 7 1 ) ,  the  Green's f u n c t io n  
method o f  Yarlagadda e t  a l . (1973) and the  v a r i a t i o n a l  c a l c u l a t io n  o f  
S in fa i la m  and Nesbet (1 9 7 2 ) .
Table 3 .2 .  Comparison o f  s-wave phase s h i f t s  o f  
va r io u s  t h e o r e t i c a l  models
ko
( a . u . ) This work Duxler e t  a l .
Yarlagadda  
e t  a l .
S in fa ilam  
and Nesbet
0 .3 2 .7339 2 .7546 - 2 .7459
0 .6 2 .3480 2 .3719 - 2 .3638
1 .0 1 .9330 1 .9530 1.9372 1 .9550
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In  F ig u r e  3 .1  we g iv e  a v i s u a l  comparison o f  th e  r e s u l t s ,  in c lu d in g  
a l s o  th e  phase s h i f t  a n a l y s i s  r e s u l t s  o f  Bransden e t  a l .  ( 1 9 7 3 ) ,  Our 
r e s u l t s  are in  v ery  good agreement w i th  th o se  o f  Yarlagadda e t  a l . , as we 
would e x p e c t  s in c e  the  two c a l c u l a t i o n s  are e x a c t l y  p a r a l l e l  f o r  th e  s-w ave;  
the e x tr a  c o n t r ib u t io n  we have in c lu d e d  from in te r m e d ia te  f-w aves  
( i "  = 3 ,  I '  = 3) i s  n e g l i g i b l e .  The r e s u l t s  o f  D uxler e t  a l .  and o f  
S in fa i la m  and N esbet l i e  c l o s e  to  each o th e r  and j u s t  above o u r s ,  and a l l  
are low er than th e  r e s u l t s  o f  the phase s h i f t  a n a l y s i s  c a l c u l a t i o n .
Our p-wave (£ = 1) r e s u l t s  are g iv e n  i n  Table 3 . 3 .  We g iv e  a l s o  
the  non-exchange c e n tr a l  f i e l d  approxim ation  r e s u l t s  and the  Born 
approxim ation  r e s u l t s  u s in g  (a) th e  H artree-F ock  c e n tr a l  p o t e n t i a l  and
(b) a p o l a r i s a t i o n  p o t e n t i a l  of the  s im p le  form
V (r) = - - ^  (Ryd) ( 3 .1 2 )
r
f o r  which th e  Born phase s h i f t  i s  g iv e n  a n a l y t i c a l l y  by
 ^ (2& -l)(2& +l)(2& +3) ’ 1 ^ 0 .  ( 3 .1 3 )
3The p o l a r i s a b i l i t y  a i s  taken  to  be 1 .385  a^ , the  v a lu e  g iv e n  by 
Dalgarno and K in gston  (1 9 6 0 ) .F or a p o t e n t i a l  U (r)  th e  Bom  phase  s h i f t ,  
n^, i s  g iv e n  by
'k^\— = — 1tan  n^(  ) -=  - k U (r)  r^ j 0 (kr)  ^ dr 
0 ^
where j^ (k r )  i s  the  s p h e r ic a l  B e s s e l  f u n c t io n  of  order  £ .  The i n t e g r a l ,  
w ith  U (r )  as the  H artree-Fock  p o t e n t i a l ,  was e v a lu a te d  n u m e r ic a l ly  u s in g  
a 2 5 0 0 -p o in t  Simpson’ s r u l e ,  w ith  a mesh s i z e  o f  0 .0 1  a^. The r o u t in e  
was checked by ta k in g  U (r)  to  be  th e  p o l a r i s a t i o n  p o t e n t i a l  o f  e q u a t io n
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( 3 .1 2 )  and comparing the  computed r e s u l t s  w ith  th o se  o b ta in ed  a n a l y t i c a l l y  
from e q u a t io n  ( 3 .1 3 ) .
Table 3 .3  shows th a t  th e re  i s  r e a so n a b le  agreement between the  Born 
phases  f o r  the H artree-Fock p o t e n t i a l  and th o s e  ob ta in ed  from e q u a t io n  ( 1 .2 1 )  
n e g l e c t in g  exchange. This i n d i c a t e s  th a t  our phase s h i f t  e x t r a c t io n  
r o u t in e  i s  s a t i s f a c t o r y .  As e x p e c te d ,  exchange i s  v ery  im portant,  
in c r e a s in g  the zero  order phase s h i f t  by a f a c t o r  of between th r e e  and fo u r  
in  t h i s  energy range . To second order the  e f f e c t s  o f  p o l a r i s a t i o n  are  
r e p r ese n te d  by diagram 1 .2 a  and o f  exchange p o l a r i s a t i o n  by 1 .2 b .  These  
are s i g n i f i c a n t  and g iv e  a f u r t h e r  la r g e  in c r e a s e  in  the  p-wave phase s h i f t  
a t  low e n e r g ie s .  Again the  EPV diagrams g iv e  a sm a ll  (<1%) c o r r e c t io n  in  
t h i s  o r d e r .  Our t r i a l  r e s u l t s  are once more in  c lo s e  agreement w ith  th o se  
of Pu and Chang, and a l s o  depart v e r y  l i t t l e  from the  Born r e s u l t s  w ith  
p o t e n t i a l  ( 3 . 1 2 ) .
Table  3 .3 .  p-wave phase s h i f t s ,  in c lu d in g  a
comparison of  the r e l a t i v e  importance  
of exchange and n o l a r i s a t i o n
ko
( a . u . )
Zero 
order  
no ex­
change
1 s t  Born 
w ith  
H artree -  
F ock  
potentia l
1 s t  Born 
wi th 
p o l a r i s ­
a t io n  
potentia l
Zero
order
w ith
exchange
Our
t o t a l
(no
EPV)
Our 
t o t a l  
+ EPV
Pu and 
Chang
0 .5 0 .0 1 0 3 0 .0 0 9 1 0 .0 7 2 5 0 .0 4 2 3 0 .0757 0 .0 7 5 0 0 .0 7 3 2
0 .8 0 .0 3 6 0 0 .0 3 1 1 0 .1856 0 .1 2 4 4 0 .1 8 3 0 0 .1 8 1 0 0 .1 7 7 8
1 .0 0 .0 6 0 6 0 .0 5 1 7 0 .2901 0 .1 8 3 0 0 .2505 0 .2 4 7 7 0 .2749
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Table 3 . 4 .  Comparison o f  p-wave phase s h i f t s
w ith  th o s e  o f  o th e r  t h e o r e t i c a l  models
ko
( a . u . ) This work
Duxler  
e t  a l .
Yarlagadda  
e t  a l .
S in f  a ilam  
and 
Nesbet
0 .5 0 .0 7 5 0 0 .0 9 2 6 0 .0806 0 .0847
0 . 8 0 .1 8 1 0 - 0 .2 0 8 1 0 .1 9 4 7
1 .0 0 .2477 0 .2749 0 .2 5 1 0 0 .2 6 4 6
Table 3 .4  compares our p-wave phase s h i f t s  w i th  th o s e  of o th e r  
t h e o r e t i c a l  m odels , and F ig u r e  3 .2  g iv e s  a v i s u a l  com parison. Again  th e r e  
i s  c l o s e  agreement between our r e s u l t s  and th o se  o f  Yarlagadda e t  a l .
The v a r i a t i o n a l  c a l c u l a t i o n s  o f  S in fa i la m  and Nesbet l i e  in te r m e d ia te  
between th e se  r e s u l t s  and th e  p o l a r i s e d  o r b i t a l  r e s u l t s  o f  Duxler e t  a l .
The main i n t e r e s t  o f  our second order work was in  o b ta in in g  v a lu e s  
of th e  d-wave phase s h i f t ,  s in c e  th e  POM r e s u l t s  o f  Duxler e t  a l .  (1971)  
d is a g r e e  s t r o n g ly  w ith  th o se  o b ta in ed  from a phase s h i f t  a n a l y s i s  of  
ex p er im en ta l  d a ta  (Bransden e t  a l .  1 9 7 3 ) .  Our r e s u l t s  (Table 3 .5  below)  
f o l l o w  the  same p a t te r n  as f o r  the  p-wave and ag a in  agree  rea so n a b ly  
w ith  th o se  o b ta in ed  in  th e  Born approxim ation w i th  th e  p o t e n t i a l  g iv e n  i n  
e q u a t io n  ( 3 . 1 2 ) .  The EPV c o n t r ib u t io n s  are s m a l l ,  but both  exchange and 
p o l a r i s a t i o n  are im p ortan t .  The c o n t r ib u t io n  from in te r m e d ia te  angular  
momenta = 1 , = 3  was found to  be comparable w ith  t h a t  from I "  = 1,
it* = 1 , but th e  a d d i t io n a l  c o n t r ib u t io n s  o b ta in ed  by a l lo w in g  £* and £" 
to  tak e  th e  v a lu e  fo u r  were n e g l i g i b l e .
In Table 3 .6  we compare our r e s u l t s  w ith  o th e r  t h e o r e t i c a l  r e s u l t s ,  
and F ig u r e  3 .3  p r o v id e s  a v i s u a l  comparison.
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Table 3 . 5 .  d wave phase s h i f t s  comparing th e
r e l a t i v e  im portance o f  d i f f e r e n t  second  
order  c o n t r ib u t io n s
k0
( a . u . )
Zero
order
no
exchange
1 s t .Born  
w ith  
I la r tr e e -  
Fock  
p o t e n t i a l
1s t . Born 
w ith  
p o l a r i s ­
a t i o n  
p o t e n t i a l
Zero
order
w ith
exchange
Our
t o t a l
(No
EPV)
Our 
t o t a l  
+ EPV
0 .5 0 .00006 0 .0 0006 0 .0 1 0 4 0 .00061 0 .00745 0 .00745
0 .6 0 .0 0 0 4 3 0 .00042 0 .0 1 4 9 0 .00176 0 .01149 0 .01149
0 .7 0 .00106 0 .0 0103 0 .0 2 0 3 0 .0 0 3 5 3 0 .0 1 6 0 0 0 .0 1600
0 .8 0 .0 0 2 0 0 0 .0 0195 0 .0 2 6 5 0 .00609 0 .02167 0 .02166
0 .9 0 .0 0 3 3 3 0 .0 0 3 2 3 0 .0 3 3 6 0 .00939 0 .02779 0 .0 2 7 8 0
1 .0 0 .00512 0 .00485 0 .0414 0 .01347 0 .03519 0 .0 3 5 1 6
1 .1 0 .0 0 7 2 8 0 .0 0 7 0 4 0 .0 5 0 0 .0 1824 0 .0 4 2 5 6 0 .04260
Table 3 .6 .  Comparison o f  d wave p h a s e s h i f t s  w ith  
th o s e  o f  o th e r  t h e o r e t i c a l  models
ko
( a . u . )
T h is  work Yarlagadda  e t  a l .
D uxler  
e t  a l .
S in fa i la m
and
Nesbet
0 .5 0 .00745 0 .0 0 5 3 3 0 .0 1 1 5 0 .0 0 9 7
0 .6 0 .01149 - 0 .0167 0 .0141
0 .7 0 .0 1 6 0 0 — 0 .0 2 2 8 0 .0 1 9 7
0 . 8 0 .02166 - 0 .0 2 9 8 0 .0 2 5 8
0 .9 0 .0 2779 - - 0 .0322
1 .0 0 .03516 0 .0 2819 0 .0 4 5 8 0 .0 3 9 3
1 .1 0 .04256 — 0 .0 5 4 4 0 .0473
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For the  d-wave phase s h i f t s  our r e s u l t s  d i f f e r  somewhat from th ose
of the  G reen 's  f u n c t io n  method of Yarlagadda e t  a l .  (1 9 7 3 ) .  This i s  to  be
ex p ec ted  as i n  the  l a t t e r  c a l c u l a t i o n  o n ly  s ,  p and d o r b i t a l s  are  in c lu d ed
*
in  the  b a s i s  s e t .  We have shown th a t  f  o r b i t a l s  g iv e  a s i g n i f i c a n t  
c o n t r ib u t io n .  Our r e s u l t s  l i e  below  th o se  o f  th e  p o l a r i s e d  o r b i t a l  method
o f  D uxler e t  a l .  (1971) and of  th e  v a r i a t i o n a l  c a l c u l a t i o n  o f  S in fa i la m  and 
Nesbet (1 9 7 2 ) ,  but the  r e s u l t s  of a l l  th e  t h e o r e t i c a l  models are  i n c o n s i s t e n t  
w ith  th o s e  o f  the  phase s h i f t  a n a l y s i s  o f  exp er im en ta l  da ta  by Bransden e t  
a l .  (1 9 7 3 ) .  I t  may w e l l  be th a t  th e  d-wave phase s h i f t  i s  not w e l l  
determ ined by the a v a i la b l e  exp er im en ta l  d a ta .  N e v e r th e le s s  i n  v iew  o f  
the  d is c o r d  between th e  t h e o r e t i c a l  models f o r  th e  case  o f  d-wave •• - *
(& = 2 ) s c a t t e r i n g ,  and t h e i r  accord f o r  the  2, = 0 and £ = 1 c a s e s ,  i t  i s
o f  i n t e r e s t  to  a ttem pt to  e s t im a te  th e  h ig h e r  order  c o r r e c t io n s  in  our 
o p t i c a l  p o t e n t i a l  m odel.
-  D J  -
CHAPTER W
T E E  POLAPvT ZABTLI^PY OF TTELIIEH
From T ab les  3 .3  and 3 .5  we s e e ,  c h oos in g  = 1 . 0  a .u .  fo r  
c o n v e n ien ce ,  th a t  the  p o l a r i z a t i o n  c o r r e c t io n  to  the p-wave phase s h i f t  
( a r i s i n g  from diagrams 1 .2 a  and 1 .2 b )  i s  approxim ate ly  37% of th e  z e r o -  
order exchange r e s u l t ,  whereas f o r  the d-wave phase s h i f t  i t  i s  n e a r ly  
250% of the z e r o -o r d e r  exchange phase s h i f t .  We show below th a t  s u b s t a n t ia l  
c o n t r ib u t io n s  to  the p o l a r i z a b i l i t y  o f  h e lium  a r i s e  from the th ir d - o r d e r  
bubble diagram, and t h i s  s u g g e s t s  th a t  th e  t h ir d  order c o n t r ib u t io n  to  th e  
phase s h i f t  ( in  p a r t i c u l a r  to  the d-wave phase s h i f t )  m ight a l s o  be non-  
n e g l i g i b l o .  Consequently  our p-wave phase s h i f t s  may a l s o  be u n c e r ta in ,  
but by a r e l a t i v e l y  sm a ll  amount.
We now g iv e  an account of our c a l c u l a t i o n  of the  p o l a r i z a b i l i t y  
of  h e l iu m , u s in g  the Brueckner-G oldstone th e o r y ,  and in c lu d in g  a l l  second  
and t h ir d - o r d e r  term s.
Wnen an atom i s  p la c e d  in  th e  f i e l d  o f  an e x te r n a l  charge Z* i t  i s  
p o l a r i s e d  and the  r e s u l t i n g  d i s t r i b u t i o n  of  charge can be c h a r a c te r is e d  by a 
s e r i e s  o f  induced e l e c t r i c  m u lt ip o le  moments, each of which i s  p r o p o r t io n a l  
to  Z' ,  prov ided  Z' i s  s m a l l .  In  p a r t i c u l a r ,  the  induced d ip o le  moment i s  
r e l a t e d  to  the  e l e c t r i c  f i e l d  of th e  charge through th e  atom ic d ip o le  
p o l a r i z a b i l i t y  a^.
Suppose th e  unperturbed atom has N e l e c t r o n s  and n u c le a r  charge Z.
The unperturbed H am iltonian  i s  g iv e n  by
^ 9 7 . 1
H = -  I  (V. + ~ )  + I  — — ( 4 .1 )• X L # « « X * *1=1 1 i< j  i j
and th e  corresp on d in g  wave f u n c t i o n ,  s a t i s f i e s
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(II -  E^')Y^ = 0 , ( 4 .2 )
E^* b e in g  the  energy e ig e n v a lu e .  The i n t e r a c t i o n  p o t e n t i a l  between the
e x te r n a l  charge Z' lo c a t e d  a t  _r* and th e  atom i s  g iv en  by
kN °° r .
Vext -  -Z '  - W  e p  ( 4 .3 )
1=1 k=l  r^'
where th e  p o la r  a x i s  has been  chosen to  be in  the  d i r e c t i o n  of r* and 
the  c o n s ta n t ,  s p h e r i c a l l y  symmetric part  o f  has been o m it te d .
Pj^(cos0^) i s  the  Legendre p o lynom ia l o f  order  k. The unperturbed wave 
f u n c t io n  can be w r i t t e n  as
00 Y
'f = f  + Z' I  + 0 (Z '2 )  . ■ ( 4 .4 )
k = l r ' ‘"o
The d ip o le  p o l a r i s a b i l i t y , a^, i s  th en  g iv en  by
a , = 2 <Y )’ r .  P , ( c o s O . )  > / < Y  | y >  ( 4 .5 )d o 1 1 1 1  ^ /  o ' o
where Z' i s  assumed t o  be s m a l l .  The wave f u n c t io n  Y^^^  ^ i s  the  f u n c t io n  
Y^  pertu rb ed  once by the  term where 
N
^k =  ^ Gp) , ( 4 .5 )
i = l
th a t  i s
™ U,
V  . =  - z ’ 'e x t
S ince  we do not  know the  f u n c t io n  Y , we s t a r t  from the H artree-Focko'
wave f u n c t i o n ,  and u se  B rueckner-G oldstone th eo ry  to  c a l c u l a t e  Y.
IIFThe p e r tu r b a t io n  to  the  H artree-Fock p o t e n t i a l  V , d e f in e d  by eq u a t io n  
(1 . 2 0 ) ,  i s
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N N U,
H' = I  V -  I  V ' -  Z I  — ^  . (4 .7 )
i  j ^  i = l  k= l r '
As in  Chapter I ,  we can d e r iv e  an exp an s ion  f o r  the w a v e fu n c t io n  Y, 
namely,
% ' ( 4 .8 )
o o
where a g a in ,  i n d i c a t e s  th a t  t h e  sum i s  over  l in k e d  diagrams o n ly .
The f u n c t i o n  Y^  i s  g iv e n  by the  sum o f  a l l  terms i n  Y in  which th e re  are  
no i n t e r a c t i o n s  in v o lv in g  U^. The term Y^^^  ^ i s  th e  sum o f  a l l  terms i n  Y 
in  which a c t s  p r e c i s e l y  on ce , Z ' /r*  b e in g  fa c t o r e d  out ( se e
e q u a t io n  ( 4 . 4 ) ) .  I t  shou ld  be noted  th a t  Y^, ob ta in ed  from e q u a t io n  
( 4 .8 )  i s  n o t  n orm alised  to  u n i t y .  However, we may f a c t o r  the  d isc o n n e c te d  
terms in  the  numerator o f  e q u a t io n  ( 4 .5 )  in t o  a product o f  terms in v o lv in g  
t im es  a l l  o th e r  term s. This second f a c t o r  i s  | » prov ided  th e
E x c lu s io n  P r i n c ip l e  i s  ig n o r e d ,  and i t  c a n c e ls  the  denom inator.
The terms c o n t r ib u t in g  to  e q u a t io n  ( 4 .5 )  can be r e p r e se n te d  by 
diagram s, and the  second and th ir d - o r d e r  diagrams are shown i n  F ig u re  4 . 1 .
In t h e s e  diagrams the d o t te d  l i n e s  r e p r e s e n t  i n t e r a c t i o n s  w ith  the  p o t e n t i a l  
U^. From e q u a t io n  ( 4 .5 )  and the  d e f i n i t i o n s  o f  Y^  and Y ^^^\ we can s e e  
th a t  th e re  i s  o n ly  one seco n d -o rd er  diagram, and i t s  c o n t r ib u t io n ,  to
th e  d ip o le  p o l a r i z a b i l i t y  o f  he lium  i s  g iv e n  e x p l i c i t l y  by
where | y  d en o tes  an e x c i t e d  s t a t e  o f  th e  sy stem . The f a c t o r  ( - 1 )  comes 
from e q u at ion  ( 4 .7 )  and th e  r e s u l t  i s  m u l t i p l i e d  by 2 because  th e r e  are  
two I s  e l e c t r o n s ,  e i t h e r  o f  which may be e x c i t e d .  The summation i s  o v e r a l l
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s t a t e s  o f  the system  e x c lu d in g  the  ground s t a t e .  For he lium  th e re  are  
no bound e x c i t e d  s t a t e s  and so as p r e v io u s ly ,  assuming the n o r m a liz a t io n  
o f  the continuum s t a t e s ,  as i n  eq u a t io n  ( 1 . 2 4 ) ,  we can r e p la c e  the
summation Z by an i n t e g r a t io n  —
k
dk. Then
0
“ dk I C l s | r  P ^ (c o s0 ) [ k £ ^  
0
( 4 .9 )
' i s  -  "
where i s  the  energy o f  the  ground s t a t e .  I s ,  and where we have  
s u b s t i t u t e d  f o r  from e q u a t io n  ( 4 . 6 ) .
We next c o n s id e r  the  m a tr ix  e le m e n ts ,  U ( k ) ,  in v o lv e d  i n  th e  
in teg ra n d  o f  e q u a t io n  ( 4 . 9 ) ,
U(k) = < I s | r  P ^ (cosO )|k £  >
cose  dr
U sing the form of g iv e n  in  eq u a t io n  (1 .2 2 )  we have
U(k) = P ( l s , r ) P ( k £ , r ) dr COS'
Now C O S 0  = (^) and so  the  angular  p a r t  of the  i n t e g r a l  i s
i  . That i s ,  any in te r m e d ia te  s t a t e  must be a p - s t a t e  w ith  zeroj  £ l  mo ^
m agnetic  quantum number (£ = 1 and m = 0 ) .  The m a tr ix  e le m e n ts ,  U (k ) ,  
are th e r e f o r e  g iv e n  by
U (k) = "2 P ( l s , r ) P ( k p ,  r )  dr
and th e  p o l a r i z a b i l i t y  i s
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The i n t e g r a t io n s  over  r and k i n  t h i s  e x p r e s s io n  f o r  a_ were 
c a r r ie d  out u s in g  a Simpson’s r u l e ,  the f i r s t  w ith  a mesh o f  475 p o i n t s ,  
the second of 42 p o i n t s .  Each r o u t in e  was checked by u s in g  a n a l y t i c  
f u n c t io n s  w ith  known i n t e g r a l s .
The seco n d -o rd er  c o n t r ib u t io n  to  the  d ip o le  p o l a r i z a b i l i t y  o f  helium  
was found to  be 0 .7 6 5 3 1 ,  which i s  55% o f  Dalgarno and K in g s to n ’s r e s u l t  
( I 9 6 0 ) .
There are fo u r  t h ir d  order  c o n t r ib u t io n s  to  the p o l a r i z a b i l i t y
( c . f .  Chang (1 9 6 7 ))  correspond ing  to  the  diagrams shomi i n  F ig u r e s  4 .1  ,
4 . 1 c ,  4 . Id and 4 . l e .  .E a c h  in v o lv e s  two i n t e r a c t i o n s  w ith  and one
f u r th e r  v or V'^ i n t e r a c t i o n .  The i n t e r a c t i o n s  can be r e p la c e d  by v
1ÎFo n e s ,  by the d e f i n i t i o n  o f  the K artree-Fock  p o t e n t i a l ,  V , eq u a t io n  ( 1 .2 0 ) ,
Each of  the  fo u r  diagrams c o n tr ib u te s  t w ic e ,  as b e f o r e ,  and a l s o  th e re  i s
a double i n t e g r a t io n  over  k and k ’ , so th a t  each c o n t r ib u t io n  has an
2
e x tr a  e x te r n a l  f a c t o r  o f  - 1 6 /n  , the  minus s ig n  coming from e q u a t io n  ( 4 . 7 ) .  
The c o n t r ib u t io n s  are g iv e n  e x p l i c i t l y  by
1 6 ,  . , 3 ™  
“ 3b '  -  —
7T
,, I ii. I ^   ^s I rcosO Ik’ i? ’ X  k ’ g. ’ I s  IV [k £ l s > ^  k£ | rcosB [ I s  >  
0 'Jo ' (c^2 -  k ’ 2 /2 ) ( c ^ g  -  kZ/2)
“ 3c = -
TT
dk
0
jl- rcosfi Ik’ £ ’ > < 1 s k ’ ? ’ |v  |k£l s ^<kP [rcosG | l s ^
) -  k 'Z /2 ) ( c ^ g  -  k^/Z)
1 6 ,  i n 4( f s i  s IV k ’ £ ’k£'><k£ I rcosG 1 s> k * £ ’ I rcos0 11 s'), = Oq.   yC -l)  dk dk’ ---------- !------   '---------- '-------
j c  2 Jn Jq (2 c^ g -k ’ ^ / 2 - k " / 2 ) ( E i g - k ’^ /2 )
-  61 -
The power n of the  a d d i t io n a l  f a c t o r  ( - 1 ) ^  i s  the number of  c lo s e d  loops  
and i n t e r n a l  h o le  l i n e s  i n  each of th e  diagram s.
Each e x p r e s s io n  c o n ta in s  a f a c t o r  U (k) U (k ’ ) and s o ,  th e  only- 
a llow ed  v a lu e s  o f  £ and .£’ are £ = 1 , £ ’ = 1, and a l s o  m = 0 = ml There 
are two new b a s i c  k inds  o f  m atr ix  e lem en t,  ^ k ’p n |v |k *  n'> and 
<Ck*p n | v | n  kp'> . On c a r ry in g  o u t  the  angular  i n t e g r a t io n s  in v o lv e d  in  
t h e s e  m a tr ix  e le m e n ts ,  making u se  of the  exp an sion  f o r  —■ g iv en  i  
e q u a t io n  ( 2 . 1 ) ,  we have
< k ’p n |v |k p  n>  = J dr^ P (k 'p ,  r^ )P (k p , r^)Q(r^)
where
Q ( r i )  =  7  I ^  P ^ ( l s ,  r ) d r .  + I ~ P ^ ( l s ,  r ) dr, 
1^0 Jr  2
and
P ( \ s , r  ) P (k 'p ,  r ,  ) f ( k p ,  r ,  ) dr
0
where f  i s  d e f in e d ,  as i n  e q u a t io n  ( 2 .7 )  by
r<f ( k p ,  r.,) = d r .  P ( l s ,  r . ) P ( k p ,  r . )  — y 
i  0  ^ r
wit h  r^ = m in (r^ , r^) and r^ = max(r^, r ^ ) .
A Simpson’ s r u l e ,  w i th  a mesh of 475 p o i n t s ,  was used  f o r  each of
th e  i n t e g r a t io n s  over r^ and r^ and then  f o r  the  double i n t e g r a t i o n  over
k and k ’ th e  mesh was reduced to  42 p o i n t s .
The c o n t r ib u t io n s  and were thus e v a lu a te d  and were
0 .2 3 1 9 ,  - 0 .0 4 4 2  and 0 .0 0 7 4  r e s p e c t i v e l y .  The p o l a r i z a b i l i t y  in c lu d in g  a l l
3second and t h ir d  order  diagrams was found to  be  0 .9 6 0  a^ , which i s
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approximately 70% of the Dalgarno and K ingston  (1960) r e s u l t .
These r e s u l t s  d i f f e r  from th o se  quoted in  our paper (Knowles and
McDowell 1973) by a f a c t o r  o f  t h r e e .  T h is  i s  due to  the  f a c t  th a t  an 
er ro r  was found in  our e a r l i e r  a n a l y s i s ,  where we a llow ed  th e  m agnetic  
quantum numbers m and m* to take v a lu e s  o th e r  than z e r o .
I t  would be s tr a ig h t fo r w a r d  to  go onto h ig h e r  order  diagram s, and
i n  p a r t i c u l a r  to  sum th e  i n f i n i t e  s e r i e s  o f  lad d er  diagram s, the  f i r s t  
two terms of  which are F ig u r e s  4 .1 a  and 4 .1 b .  But th e r e  w i l l  be many 
c a n c e l l a t i o n s  and i t  would be d i f f i c u l t  to  draw any c o n c lu s io n s  from the  
r e s u l t s .  We have shown, however, th a t  th e  t h ir d - o r d e r  c o r r e c t io n  to  the  
d ip o le  p o l a r i z a b i l i t y  o f  helium  i s  about 25% of th e  second order  term  
and t h i s  s u g g e s t s  th a t  th e  t h ir d  order  c o r r e c t io n  to  th e  phase s h i f t  m ight  
a l s o  be n o n - n e g l i g i b l e .  T h is  i s  c o n s id er e d  i n  th e  n ex t  ch a p ter .
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ClIAPTm? V
ESTIMATES OF THE THIRD ORDER CORRECTION 
TO THE PHASE SHIFT
5 .1 .  The d i s t i n c t  dlagrnms of any order
In t h i s  s e c t i o n  we g iv e  a method of  determ in in g  a l l  th e  d i s t i n c t  
diagrams of  a g iv en  o r d e r .  We apply t h i s  in  p a r t i c u l a r  to  second and 
th ir d  order diagram s, r e p r e s e n t in g  them e x p l i c i t l y  in  a lg e b r a ic  form.
The c o n d i t io n s  to  be s a t i s f i e d  by a diagram o c c u r r in g  in  the  nth  
order  o p t i c a l  p o t e n t i a l  can be summarised as f o l l o w s .  There must be
(a) n h o r i z o n t a l  i n t e r a c t i o n  l i n e s ,  a t  d i f f e r e n t  l e v e l s ,
(b) one incoming l i n e  and one o u tg o in g  l i n e ,  each a t  any l e v e l ,
( c )  two v e r t i c e s  on any l e v e l ,
(d) one l i n e  e n t e r in g  and one l e a v in g  any v e r t e x .
Consider the f i r s t  h o r i z o n t a l  i n t e r a c t i o n  l i n e  as b e in g  a t  l e v e l  A, 
w ith  v e r t i c e s  A  ^ and A^, the  second at l e v e l  B w ith  v e r t i c e s  B  ^ and B^, 
and so on, and l e t  X and Y r e p r ese n t  the  incom ing and o u tg o in g  l i n e s  
r e s p e c t i v e l y .  Then the  req u ired  diagrams of  order  n can be w r i t t e n  
doivn as p erm u tation s  of the  2n+2 e lem en ts  X, Y, A^, A^, B^, B^, . . . ,  N^, N -^ 
There are s e v e r a l  r e s t r i c t i o n s ,  how ever, on th e  a llow ed  p erm u ta t ion s .
( i )  C ycles  o f  le n g th  one are not a l lo w ed , s in c e  they  correspond to  
f i r s t  order  diagrams which are c a n c e l l e d  by the c h o ic e  o f  the H artree-Fock  
p o t e n t i a l  ( s e e  F ig u r e  1 . 1 ) .
( i i )  X and Y must occur i n  the  same ’ c y c l e ’ , and t h i s  c y c le  i s  f i x e d  i n  
th a t  X must occur  a t  the  b e g in n in g  of  i t  and Y a t  th e  end o f  i t ,  and th e r e  
must be at l e a s t  one o th e r  e lem ent in  between them; th a t  i s ,  the  diagrams  
must be connected  o n es .
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( i i i )  The e lem en ts  r e p r e s e n t in g  the  two v e r t i c e s  on a g iv e n  l e v e l  
cannot occur n ex t  to  each o t h e r .
( i v )  and A  ^ are in te r c h a n g e a b le ,  and s i m i l a r l y  and B^, e t c .
For example, the  perm u tation s  ()CA^  B^ Y)(A2B2 ) ,  (XA^B2Y) (A2B^) and 
(XA2B2Y)(A^B^) r e p r e s e n t  the same diagram.
In th e  ca se  o f  second o rd er ,  we have the  s i x  e lem en ts  X, Y, A^,
B^  and B2 and we o b ta in  fou r  d i s t i n c t  p e r m u ta t io n s ,  namely (XA^B^Y)(A2B2 ) , 
(XA^B^A2h2Y ) , (XB^A^B2A2Y) and (XB2A2Y)(A^B^). These correspond  
p r e c i s e l y  to  th e  diagrams o f  F ig u r e  1 . 2 .  C le a r ly  we o b ta in  1 /n  o f  the  
number of diagrams by c o n s id e r in g  o n ly  th o se  perm u tation s  i n  which A  ^
f o l l o w s  X im m edia te ly .
In Table 5 .1  a l l  the  a llow ed  t h ir d  order perm u tation s  are w r i t t e n  
o u t .  T h is  procedure can e a s i l y  be a p p l ie d  to  h ig h e r  order diagrams and 
g iv e s  a method o f  d eterm in ing  a l l  p o s s i b l e  d i s t i n c t  diagrams o f  a g iv en
order . ...................
From Table 5 .1  we can s e e  t h a t  t h e r e  are e x a c t l y  e ig h t y - f o u r  t h ir d  
order diagrams which c o n tr ib u te  to  the  phase s h i f t s .  They can be d iv id e d  
in t o  fo u r  groups correspond ing  to  the  fo u r  second order diagrams shoxm in  
F ig u r e  1 ,2 .  C le a r ly  i t  i s  no t  f e a s i b l e  t o  e v a lu a te  th e  c o n t r ib u t io n s  
from a l l  o f  th e se  t h ir d  order diagrams and we choose to  c o n s id e r  o n ly  th o se  
which are s im p le  e x te n s io n s  of the d i r e c t  s c a t t e r i n g  diagram. F ig u r e  1 .2 a .  
These r e p r e s e n t a t iv e  diagrams are shown in  F ig u r e  5 .1  and e s t im a te s  of t h e i r  
r e s p e c t i v e  c o n t r ib u t io n s  to  th e  phase s h i f t s  have been made.
5 . 2 .  The t h ir d  order ladder  diagram
F ig u r e  5 .1 a  i s  the ladder  diagram, the  s im p le s t  t h ir d  order e x te n s io n  
of the  d i r e c t  s c a t t e r i n g  diagram. F ig u r e  1 .2 a ,  and on p h y s i c a l  grounds we
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Table 5 . 1 .  The perm utations r e p r e s e n t in g  the  
______________• th ir d  order diagrams_______________
(XABACBCY) (XBCBACAY) (XCACBABY)
(XABCABCY) (XBCABCAY) (XCABCABY)
(XABCACBY) (XBCABACY) (XCABCBAY)
(XABCBACY) (XBCACBAY) (XCABACBY)
(XABCBCAY) (XBCACABY) (XCABABCY)
(XACABCBY) (XBABCACY) (XCBCABAY)
(XACBABCY) (XBACBCAY) (XCBACABY)
(XACBACBY) (XBACBACY) (XCBACBAY)
(XACBCABY) (XBACABCY) (XCBABCAY)
(XACBCBAY) (XBACACBY) (XCBABACY)
(XABACY)(BC) (XBCBAY)(CA) (XCACBY)(AB)
ClABCAY)(BC) (XBCABY)(CA) (XCABCY)(AB)
(XABCBY)(AC) (XBCACY)(BA)' (XCABAY)(CB)
(XACABY)(BC) (XBABCY)(CA) (XCBCAY)(AB)
(XACBAY)(BC) (XBACBY)(CA) (XCBACY)(AB)
(XACBCY)(AC) (XBACAY)(BC) (XCBABY) (CA)
(XABCY)(ABC) (XBCAY)(BCA) (XCABY)(CAB)
(XABCY)(ACB) ' (XBCAY)(BAC) (XCABY)(CBA)
(XACBY)(ABC) (XBACY)(BCA) (XCBAY)(CAB)
(XACBY)(ACB) (XBACY)(BAC) (XCBAY)(CBA)
(XABY)(ACBC) (XBCY)(BACA) (XCAY)(CBAB)
(XACY)(ABCB) (XBAY)(BCAC) (XCBY) (CABA)
(XABY)(AC)(BC) (XBCY)(BA)(CA) (XCAY)(CB)(AB)
(XACY)(AB)(BC) (XBAY)(BC)(CA) (XCBY)(CA)(AB)
(XAY)(ABCBC) (XBY)(BCACA) (XCY)(CABAB)
(XAY)(ACBCB) (XBY)(BACAC) (XCY) (CBABA)
(XAY)(ABC)(BC) (XBY)(BCA)(CA) (XCY)(CAB)(AB)
(XAY)(ACB)(BC) (XBY)(BAC)(CA) (XCY) (CBA) (AB)
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ex p e c t  t h i s  to  g iv e  the  dominant t h ir d  order c o r r e c t io n  to  the  phase  
s h i f t .  'U s in g  e q u a t io n s  ( 1 .2 5 )  and (1 .1 9 )  we can vorite dovm th e  
c o n t r ib u t io n .  A, o f  the  diagram as
■ 2 y  I I  V- ^3*3A = -  ^  <  k £ n |v |  I
ko °  k , k  ^ ( k j ,  k^)
I
3 4
(5 .1 )
k 2 U.2 k . 2
where D(k^, k j )  =  i ----- L  ( 5 .2 )
and each sum i s  over  the  com plete  s e t  o f  continuum s t a t e s ,  th e  s o lu t i o n s  
o f  eq u a t io n  ( 1 .1 7 ) .  The denom inator D(k^, k^) i s  a 's lo w ly -v a r y in g  
f u n c t i o n  of  k^, k^ in  th e  r e g io n  o f  k^, ^k^-space where 
^ k^£^ i s  l a r g e ,  so  t h a t ,  u s in g  the  com p leten ess  of the
s t a t e s  (|)^ , we can approximate by
2 ^ r  r  <  V  " M V s  ' ' 4 h >
0 Ofk^.k^)
k . £ .  k , £ ,  Iv^lk £ n > ^ 3 3 4 4 ’ ' o '
where we have u^ed eq u a t io n  (1 .2 4 )  to  r e p la c e  th e  summations over  _k ,^
by i n t e g r a t io n s  over  k^ and k^ and where k^^ = 0 . 9 ,  k^^ = 1 . 1  when
k^ = 1 .0  ( s e e  b e lo w ) .  This double i n t e g r a l  i s  i d e n t i c a l  w ith  th a t  of
e q u a t io n  ( 1 .2 6 )  e x c e p t  th a t  one o f  the v  m atr ix  e lem en ts  i s  rep laced , by 
2
a V m a tr ix  e le m en t.  That i s ,  in  one o f  the  r a d ia l  i n t e g r a l s  the  u su a l
1 - 1Y^(r^, r^) f u n c t i o n ,  a r i s i n g  from th e  expansion  f o r  |_rj^  -  jr ^  I ( s e e
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eq u a t io n  ( 2 . 1 ) ) ,  i s  r e p la c e d  by a 0^ ( r ^ ,r 2 ) f u n c t io n ,  o c c u r r in g  i n  th e  
I | - 2exp an s ion  f o r  |_r^  -  _r2 I * These 6^ ( r ^ ,r 2 ) f u n c t io n s  are g iv e n  e x p l i c i t l y  
by Sack (1 9 6 4 ) .  The e x p r e s s io n  f o r  6^ ( r ^ ,r 2 ) i s  g iv e n  i n  Appendix A; 
the  v a lu e  A = 1 i s  the  on ly  one we need to  u s e .  From e q u a t io n  ( 2 .5 )  we 
have
< k^£ n | v | k ^£2 k^£^) 2 £, + l  ^^4 »^^o^*k4 ^4 <^^ 3 ^3)
4
^*0 - 2  ^  ^  « jtiij - 2  ^  ^  - 2  ^  4I 2
( 5 .3 )
where th e  I i n t e g r a l  i s  d e f in e d  by
^£ (* s ,k g £ ;k ^ £ ^ ,k 2 £ g )
4
dr, dr2 P ( \ s , r ^ ) P ( k ^ £ , r 2 )P (k 2 3 *^3 ^
X I ? (k 4 ^ ,r 2 )y  ( r ^ . r p  . 
4
In  a s im i la r  manner we can w r i t e  th e  v m atr ix  e lem ent as
^ ^3^3 ^^4^-'4k“ 2 £. + l  J&4 (lS 'k g£ ;k ^ £^ k 2 £3) .
4
( l2 ) ^  £2m 2(^2)^£^m /Z2)dr2
where
4
dr^J dr2 P ( k ^ £ ,r 2 ) P ( l s , r ^ )
0 ■'0
P (k ^ £ ^ ,r2 )P (k ^ £ 2 ,r2 )3 ^  ^^1»^2^ '
4
( 5 .5 )
An a c c u r a te  e v a lu a t io n  of the  i n t e g r a l  in  ( 2 .8 )  req u ired  a mesh of  
1764 p a ir s  o f  v a lu e s  o f  (k*, k " ) . The rep lacem ent o f  th e  c o e f f i c i e n t s  
by th e  3  ^ causes  a la r g e  in c r e a s e  i n  computing t im e ,  which was judged
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p r o h i b i t i v e  s in c e  one approxim ation  to  A has a lread y  been  made and 
s in c e  an upper bound on th e  c o r r e c t io n  f a c t o r  A i s  a l l  th a t  i s  r e q u ir e d .
The dominant c o n t r ib u t io n s  to  eq u a t io n  ( 2 .8 )  and a l s o  to  A, 
because  o f  the f a c t o r  4 n |v » come from in te r m e d ia te
angular  momenta £" = 1 , £* = 1 or 3 ( th a t  i s  = 1, = 1 or 3 ) .  In
t h i s  c a s e ,  tlie c o n t r ib u t io n  A can be w r i t t e n  as
In dk,0 D 0 c 3 , k p  •
g i^Ck^i.k^i) j^Ck^i.kji) g ijCk^i.kjS) j^Ck^i.kjS)
(3
( 5 .6 )
where I^ (k ^ l ,k .2l )  = I ^ ( l s ,  k^£; k ^ l , lc2l )  and s i m i l a r l y  f o r  th e  fu n c t io n  
Here we have used  th e  r e s u l t s  o f  §2 .3  to  e v a lu a te  i n t e g r a l s  i n  
e q u a t io n s  ( 5 .3 )  and ( 5 . 4 ) .  ■
D e t a i l s  o f  the  way i n  which th e  J i n t e g r a l s  were e v a lu a te d  are  
g iv en  in  Appendix A. In  Table 5 .2  we compare th e  num erical v a lu e s  of  
J^ (k ^ l , lc 2l )  and I^ ^ k ^ l/k ^ l)  over  the  k^, k ^ -r e g io n  i n  which th e  l a t t e r  
p ea k s ,  ta k in g  k^ = 1 .0  a .u .  The i n t e g r a l s  J^(k^ l,lc23) were found to  be  
n e g l i g i b l e  compared w ith  the  J^ (k ^ l,lc2 l ) .  The f u n c t io n  I ^ ( k ^ l ,k 2l )  i s  
sh arp ly  peaked a t  k^ = k^^, k^ = k^^ w h i l s t  the o th er  f u n c t io n ,
J ^ (k ^ l ,  k g l ) ,  i s  very  sh a r p ly  peaked a t  k^ = k^^ but i s  s lo w ly  v a ry in g  
w ith  k^ i n  t h i s  neighbourhood. Thus to  a good approxim ation .
A = -
2{»  dk3 < k 3%3 k ^ ^ £ j v  |k^% n >  
CCkj, k^g)
dk, X k I  n lv |k .£ , . ,  k, £, > 4 o ' ' 3  3 4 4
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where we are c o n s id e r in g  the  case  = 1, ~
2
S in ce  the  v m atr ix  elem ent i s  v e r y  sh a rp ly  peaked w ith  r e s p e c t  
to  kg we can o b ta in  a rough upper bound on A by r e p la c in g  
<C kg£g v^ |k^£n') by i t s  peak v a lu e  everywhere i n  k g - s p a c e .  Thus
we approximate A by
A
(LL)  ^ _ 2 ,2v2 r
1^ 0 " ü(kgQ,k2Q)D(kgQ,k^Q) Jq 3. dk. < k  £n |v  Ik £ .k .  I ,  ’> . Q 4 o ' ' 3 3 4 4
That i s ,  fo r  £g = 1 , £^ = 1 , from e q u a t io n  (5 .6 )
ko II 5 .9  D(k^o.k2g)D(;-,3Q,k^p dk.0
9
T h is  i s  an upper bound s in c e  th e  v “ m atr ix  elem ent i s  n e g a t iv e  and the  v  
m atr ix  elem ent p o s i t i v e  throughout th e  r e g io n  o f  i n t e r e s t ,  w h ile  both  
denom inators are n e g a t iv e .  Hence A^ '^^  > A.
■ From our second order work we ex p ec t  kg and kg to  ta k e  v a lu e s
near 0 , 9  and 1 .1  a .u .  r e s p e c t i v e l y  when k = 1 .0  a .u .  With the
corresp on d in g  v a lu e  o f  D(kg, kg) we o b t a in  a r e s u l t  f o r  A o f  0 .0 4
which i s  about 10% la r g e r  than th e  t o t a l  second order r e s u l t  f o r  the
same v a lu e  o f  k .o
Although t h i s  r e s u l t  i s  an upper bound we do not th in k  i t  i s  a 
g r o ss  o v e r - e s t im a t e  o f  the  a c tu a l  c o n t r ib u t io n  o f  the  t h ir d  order ladder  
diagram to  the d-wave phase s h i f t  a t  th a t  e n e r g y .  That i s ,  i n  v iew  o f  th e  
correspond ing  c o r r e c t io n  to  th e  p o l a r i z a b i l i t y ,  t h i s  t h ir d  order  diagram  
and i t s  correspond ing  exchange and EPV diagrams are not n e g l i g i b l e .  Our 
r e s u l t ,  however, does not g iv e  any in fo r m a tio n  on th e  t o t a l  c o n t r ib u t io n  
of t h i s  c l a s s  of diagram s, s in c e  th e re  are s e v e r a l  exchange diagrams and
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Table 5 . 2 .  Comparison of th e  f u n c t io n s  
I j ( k ^ l , k g l )  and J g ( k ^ l ,k g l )
In each box the  upper number i s  Jg and the  lower I g
h .4 . 6 .8 .9 1 .0 1 .1 1 .4
. 6 - .1 9 2 6
.0818
- .4 0 3 7
.1675
—.6084  
.2325
- .7 3 0 6
.2315
- .3 5 8 5
.1466
.0108
.0541
.0259
- .0 1 2 9
1 .0
.
- .3 8 1 7
.1335
- .8 0 9 9
.2691
- 1 .2 6 4
.3708
- 1 .5 2 3
.3718
- .7 6 4 3
.2556
- .0 0 8 4
.1262
- .0 1 9 6
.0131
1 .1 - .4 1 2 7
.1352
- .8 7 8 6
.2724
- 1 .3 9 0  
.3759
- 1 .6 7 2
.3782
- .8 4 1 0
.2651
- .0 1 1 0
.1383
- .0 3 9 3
.0240
1 .2 - .4 2 6 3
.1329
- .9 3 0 9
.2679
- 1 .4 9 5
.3708
- 1 .7 9 5
.3744
- .9 0 2 8
.2671
- .0 1 9 7  
. 1462
- .0 5 9 3
.0348
1 .4 - .4 6 5 5
.1199
- .9 9 1 8
.2427
- 1 .6 5 1  
. 3384
- 1 .9 6 1
.3443
- .9 8 4 1
.2533
- .0 0 1 6
.1497
- .0 9 4 5
.0528
2 .0 - .4 8 1 4
.0669
- .9 7 8 2
.1367
- 1 .8 5 1
.1939
- 2 .0 4 5
.2003
- 1 .0 1 6
.1537
—.0416  
.1005
- .1 2 6 3
.0582
2 .5 - .3 5 4 6  
. .0228
- .9 7 6 6
.0463
- 1 .7 9 4
.0653
- 1 .7 9 0
.0671
- .9 2 9 7
.0505
- 0 .3 8 9
.0317
.0 1 7 0
.0177
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in  th e  second order c a l c u l a t i o n  i t  was found th a t  the  exchange diagram  
F ig u r e  1 .2b  gave a n o n - n e g l ig i b l e  c o n t r ib u t io n  to  th e  second order phase  
s h i f t ,  and a l s o  th e  c o n t r ib u t io n  was o p p o s i te  in  s ig n  to  th a t  o f  the  
d i r e c t  diagram . F ig u r e  1 .2 a .  Consequently  th e r e  w i l l  be c o n s id e r a b le  
c a n c e l l a t i o n  and the  o n ly  c o n c lu s io n  we can draw i s  t h a t  in  any accu ra te  
work u s in g  t h i s  o p t i c a l  p o t e n t i a l  approach, t h i s  c l a s s  of  diagrams must 
be taken in t o  accou n t .
5 . 3 .  Other t h ir d  order diagrams
In t h i s  s e c t i o n  we d i s c u s s  the  c o n t r ib u t io n s  to  th e  th ir d  order  
phase s h i f t  o f  the  diagrams o th e r  than the  lad d er  diagram, shown in  
F ig u r e  5 . 1 .
The c o n t r ib u t io n ,  B, o f  F ig u r e  5 .1 c  i s  g iv en  by
„ 3 .  00 < inlc |v  I k_k/ > <  nk |v  |k ra/>< k k |v |k n >
' dk, dk„ dk. °   ^ i  z o
0 IJo 2Jo 3 D (k^,k3)D (k ^ ,k 2 )
where th e  D f u n c t io n s  are d e f in e d  in  e q u a t io n  ( 5 .2 )  and where the  angular  
momenta in d ic e s  a s s o c ia t e d  w ith  the  m atr ix  e lem en ts  and a l s o  the  summations 
over them are im p lied .  This was e s t im a te d  u s in g  a method f i r s t  proposed  
by K e l ly  (1 9 6 3 ) .  We con s id ered  the  r a t i o ,  B’ , o f  B to  the c o n tr ib u t io n  
of the  se co n d -o r d e r  diagram. F ig u r e  1 .2 a ,  g iv e n  by e q u a t io n  ( 1 .2 6 ) .
That i s
B' = ( - )ÏÏ
I I
dk, dk„ dk
^  mit |v |k k T>< nk |v |k n'^^k k |v |k n ^
o"‘' H o"-'2Jq"'-3 ° D ( k 3 , k 3 ) D ( k ^ , k p
"  <  mk IV |k_k ■> <■ k-k Iv Imk N„ ^  o' ' 3 1 * ^ 3 1 '  ' o /I d k , I dk
0  ^ D (kg,kg)
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This was s im p l i f i e d  by u s in g  a peaking approxim ation to  f i x  the v a lu e s  
of kg and kg and so reduce the  number of  r e p e a te d  i n t e g r a l s .  We now 
g iv e  a summary of t h i s  approach.
We c o n s id e r  on ly  c o n t r ib u t io n s  from in te r m e d ia te  angular  momenta 
£3 = 1 , £g = 1 and 3, s in c e  th e se  v a lu e s  g iv e  the  dominant second order  
c o n t r ib u t io n  to  the d-wave phase s h i f L . There are two k inds  o f  m atr ix  
elem ent o c c u r r in g  in  the e x p r e s s io n  ( 5 .7 )  f o r  B’ , each of which has been  
d e a l t  w it li  in  our e a r l i e r  work. From e q u a t io n  ( 2 . 5 ) ,  f o r  the  d wave 
(£ = 2 ) ,  we have
<( I s  k 2 | v | k .  k £ / ^  = -^4^ I ,  ( l s , k  2; k _ l ,k  £^>5 ^ o ' ' 3 1 1 ^  3 1 ’ o 3 ’ l l  mg,-mg
( 5 .8 )
where 6 . . i s  the Kronecker d e l t a  and where the  v a lu e s  of the  angular  
1 , J "
s p h e r ic a l  harmonic i n t e g r a l s  f o r  v a r io u s  v a lu e s  of £g and mg are g iv e n  
in  Table 2 . 2 .
Tlie o th e r  m atr ix  e lem ent <  I s k g l |v |k g £ g  i s ^  can, on carry in g  
out the  angular in t e g r a t io n s  in  the  u su a l  manner, bo w r i t t e n  as
< l S  k g l |v |k g £ g  ^S^  ^  ^  ^  ^2 2  ^ ^  , m g ^ l ,£ g
where the  r a d ia l  Y f u n c t io n s  are d e f in e d  by
Y ( k g l ,  k ^ £ g )  = J  p ( i s , r g ) P ( k g l , r g ) f ( k g £ g , r g ) d r g  ( 5 . 1 0 )
w ith  f  g iv en  by eq u a t io n  ( 2 . 7 ) .  They have a lread y  been  computed in  the  
p o l a r i z a b i l i t y  c a l c u l a t i o n  (Chapter IV).
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C le a r ly ,  from e q u a t io n s  ( 5 .8 )  and ( 5 . 9 ) ,  th e r e  i s  o n ly  a s i n g l e  
summation in  the numerator of eq u a t io n  ( 5 . 7 ) ,  over  sa y ,  and a l s o  in  
th e  denom inator, over  m^  sa y .  The summations were c a r r ie d  out u s in g  the  
e x p r e s s io n s  f o r  the  m atr ix  e lem en ts  g iven  in  e q u a t io n s  ( 5 .8 )  and ( 5 .9 )  and 
the  r e s u l t s  o f  Table  2 .2 .  The r e s u l t i n g  e x p r e s s io n  f o r  B’ was found  
to  be
2K I™ I' i X k  l , k  !, ) I (k l , k  Î ) dk j(  3 _ _  ) ( 2^ j ïC k ^ l .k ^ l )
D ô q T k p D ô q T k p
~  r  I , ( k  I ,k  £ ) 2 :  "  ^3.11)
dk, I dk„(— — — i - ! _ )
0 IJo 3 3 DCk^.kg)
where K = 6 /5  f o r  £g = 1
= 63 /35  f o r  £g = 3
Now as we have se en  i n  s e c t i o n  5 .2  (Table 5 .2 )  the  f u n c t io n s  
^d^^3^*^l^l^ are sh a rp ly  peaked w ith  r e s p e c t  to  kg and kg and so the  
e x p r e s s io n  ( 5 .1 1 )  can be s i m p l i f i e d  by assuming kg and kg to  be f i x e d ,  
ta k in g  v a lu e s  near to  th o se  g iv in g  th e  maximum v a lu e  o f  I g ( k g l ,k g £ g ) . 
The f i n a l  r e s u l t  f o r  th e  r a t i o  B’ i s
2 r  1 Y ( k g l ,k g l )
dk.(, 2 3 - 3  m k ^ ,  kg)
T p k p T i q q T
where £g = 1 or 3.
This was e v a lu a te d  n u m e r ic a l ly  f o r  the  two c a ses  £g = 1 and 
£g = 3 , u s in g  a 4 2 -p o in t  Simpson’s r u l e ,  and our r e s u l t s  f o r  two v a lu e s
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of th e  in c id e n t  en ergy , k^, are shown in  Table 5 . 3 .  I t  can be seen  
th at  th e  e f f e c t  o f  the tw o-bubble diagram. F ig u r e  5 .1 c ,  i s  n e g l i g i b l e .  
The c o n t r ib u t io n ,  C, o f  th e  diagram shown in  F ig u r e  5 .1 b  i s
o 3 ~ i” <nm|y |k k " X k  Ic |v  |nk.'> < k k . |v  Ik n'y
 ^ d k j  d k j  dk, 2  ^ 2 2 1 o 1' ' o
where D(k^,k) i s  d e f in e d  in  e q u a t io n  ( 5 .2 )  and where th e  summations over  
the angular  momentum in d ic e s  im p lied  in  the m atr ix  e lem en ts  have been  
su p p re ssed .  As i n  the  case  of th e  tw o-bubble diagram. F ig u r e  5 .1 c ,  a 
peaking approxim ation  was used  and we d i s c u s s  t h i s  below . The r e s u l t  
f o r  C i s  an upper bound on the  c o n t r ib u t io n  of  F ig u r e  5 .1 c  to  th e  t h ir d  
order phase s h i f t .
The m atr ix  e lem ent < k £ k_£_ |v |k  £ peaks sh a r p ly ,  a t  
(£^) o I o •
k^ •= k^^ s a y ,  w h ils t '  D(k^,k) i s  a s lo w ly - v a r y in g  f u n c t io n  of k^ in  the
r e g io n  o f  k^^ and so  we can approximate by
(&l)
< n m |v |k ^ k ^ > <  k^k^jvlnk^Q ^
F(k2,k^)
k '  s 'where ECkg, k^) = 2 e ^ --------------- --
(&l)
The m a tr ix  e lem ent K k 2 k__ £ - | v | k  2 m?' can be w r i t t e no 10 1' ' o
down in  terms o f  the u s u a l  I i n t e g r a l s  by u s in g  the  r e s u l t s  o f  eq u ation
( 2 . 5 ) .  From Table 2 .2  i t  can be se e n  th a t  th e r e  are two v a lu e s  o f  £^ 
which g iv e  n o n -v a n ish in g  angular p a r ts  o f  the  m atr ix  e lem en t,  namely
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= 0 and = 2. The correspond ing  m a tr ix  e lem en ts  are  
■ < k o 2  0 |v lk ^ 2  O, k^2)
< k ^ 2  k , n ( 2 ) 2 | v | k _ 2  m >  =  - ^  I , ( k , ^ ^ 2 > 2 ^  k ^ 2  ) .
That i s
o 10 o 7 ?5  ^ 10
where
,•» < n m |v |k  1 k k n k £ _ | v | k  i n i ' ?
C. = I dk-1 dk . --------------- i J _ 2 _ 2 --------- 2_l------3_J------- m --------------  (5 .1 3 )
Jo Jo ECk^.kg)
f o r  i  = 0 ,  2,
In  our second order work i t  was found t h a t  th e  dominant 
c o n t r ib u t io n  from the m atr ix  e lem en ts  < k2&2 I m ^  was from
( i )  &2 = 1 = f o r  i  = 0
and ( i i )  -  1, £2 “ 1 and 3 f o r  i  = 2. However, the  m atr ix  e lem ents
(n m lv lk gC g  v a n is h  u n le s s  = £^, and so we c o n s id e r  on ly
£2 = 1 , £g = 1 in  our e v a lu a t io n  o f  the  f u n c t i o n s .  A lso  the  
^ k2 £g ^3 '^3 1  ^I  ^ m a tr ix  e lem en ts  v a n is h  u n le s s  m2 and m^  are
equal and o p p o s i te  i n  s ig n ,  w h i l s t  < nm|v| ^^£2 ^2^2 '^  v a n is h e s  u n le s s  
^2 ~ ^3* C onsequently  th e  o n ly  non-zero  c o n t r ib u t io n s  to  the  f u n c t io n s  
come from m^  = 0 = m^.
Now the m a tr ix  e lem ents  ^ ^ 2  ^ k^ljvlk^Q^^^i peak v ery  
sh a r p ly  a t  IC2 = ^3 ~ ^30^^^ sa y ,  and th e  E fu n c t io n s  are s lo w ly -
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v a r y in g  i n  t h i s  k 2 * j^^-region , and so we approximate th e  i n t e g r a l s  in  
e q u a t io n  ( 5 .1 3 )  to  o b ta in  a rough upper bound on th e  f u n c t io n s  C^. 
U sing  the r e s u l t s  o f  eq u a t io n  ( 2 .5 )  and Table 2 .2  we o b ta in
A lso  <nm v k^^^^^l ^^30^^^^* ^"20^^^^  ^ ( s e e  eq u at ion
5 .1 0 )  and so we approximate by
c  =  -
5 E ( k 3 ? « > ,  k 3 ? ° b
and
2 Y ( k , ? ^ > , k 3 ? ^ b q ( k 3 ? ^ b ,  k ^ ^ ^ h )
2 9 /5 E (k 2 ? 2 )^  ^ 3 ? ^ ) )
Hence, u s in g  t h e s e  approxim ations in  eq u a t io n  ( 5 .1 2 )  we o b ta in  our 
r e s u l t s  f o r  the  c o n t r ib u t io n  C to  th e  t h ir d  order  phase s h i f t .  These are  
shown in  T ab le  5 . 4 .  I t  can be se e n  t h a t  C i s  i n s i g n i f i c a n t .
The c o r r e c t io n  from the diagram F ig u r e  5 . Id was not  e v a lu a te d  because  
o f  the expense in v o lv e d  in  c a l c u l a t i n g  th e  ' f o u r - e x c i t e d  s t a t e ’ m atr ix  
elem en ts  k^k^|vIk^k^^ , b u t ,  f o r  p h y s ic a l  reason s  we ex p ec t  i t  to  be 
sm a l le r  than th a t  from the lad d er  diagram. F igu re  5 .1 a .
R ecen t ly  P in d z o la  and K e l ly  (1973) have a p p l ie d  the  o p t i c a l  
p o t e n t i a l  method to  the low energy e l a s t i c  s c a t t e r i n g  o f  e l e c t r o n s  by the  
n e u tr a l  argon atom. T heir  work i s  b a s i c a l l y  a second order c a l c u l a t io n
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Table 5 . 3 .  R atio  of the  c o n t r ib u t io n  B of
F ig u re  5 .1 c  to  th a t  o f  F igu re  1 .2 a  
 _______________f o r  the d-wavc phase s h i f t ______ '
( a . u . ) k , k 2 *1' ^3
R atio  of  
c o n tr ib u t io n s  
5 .1 c  to  1 .2 a
0 . 8 ,  1 .0 ^ 1, 1 - .0 3 3 6
0 .  5 0 . 8 ,  1 .0 1, 3 - .0 3 1 8
0 . 8 ,  1 .0 1, 1 - .0 4 1 6
1 .0 0 . 9 ,  1 .0 1 , 1 - .0 3 9 8
0 . 8 ,  1 .0 1, 3 - .0 3 9 4
Table 5 . 4 .  The c o n t r ib u t io n  C from F ig u r e  5 .1b
compared w ith  the t o t a l  second order  r e s u l t
k = 1 .0  a . u . 0 k = 0 .5  a .u .  0
5=
3 :
0 .5  
0 .  6 
1 .0  
1 .1  
0 ,9  
1 .1
0 .5
0 .6
1 .0
1 .0
0 .9
1 .1
c o n t r ib u t io n  C ■ .254 X 10“ ^ .282  X loT^
T o ta l  second .0352 .00745
order r e s u l t
C as a %age of .08% .38%
t o t a l  second
order
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but they  have c o n s id ered  t h ir d  order diagram s. Two s e t s  o f  s i n g l e ­
p a r t i c l e  s t a t e s ,  s o lu t i o n s  o f  eq u a t io n  ( 1 , 6 ) ,  are g e n e r a te d .  One s e t  
i s  o b ta in ed  by ch oos in g  the  a r b i tr a r y  one-body p o t e n t i a l  to  be th e  
I lartree-F ock  p o t e n t i a l  as we have done. These s t a t e s  are used  as
p o s s i b l e  s t a t e s  f o r  the s c a t t e r i n g  e l e c t r o n .  A f u r th e r  s e t  of s t a t e s
i s  gen erated  by type p o t e n t i a l s  in  which th e re  are i n t e r a c t i o n s  w ith
o n ly  N-1 o th er  e l e c t r o n s .  Those p h y s i c a l l y  r e p r e s e n t  the  bound and 
continuum s t a t e s  which the  atom ic e le c t r o n s  can occupy . P in d z o la  and 
K elly  have c a lc u la t e d  phase s h i f t s  and e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n s  
and have o b ta in ed  v ery  good agreement w i t h  exper im en t.
T heir  u se  of thé  p o t e n t i a l  cau ses  c a n c e l l a t i o n s  in  th e  t h ir d
order diagrams which we do not occur  w ith  th e  H artree-Fock p o t e n t i a l .
The dominant diagram i s  exp ected  t o  be F ig u r e  5 .1 b ,  and i t s  c o n t r ib u t io n  
to  the  phase s h i f t  to  be l e s s  than 10% of the  second order c o r r e c t io n .
I t  i s  p o in te d  o u t ,  however, th a t  f u r t h e r  work i s  re q u ire d  b e fo r e  any 
c o n c lu s io n s  can be dravm on th e  im portance or o th e r w ise  o f  t h ir d  order  
diagram s.
5 .4 .  C on clusions
We have se en  th a t  f o r  the s and p wave phase s h i f t s  th e re  i s  very  
good agreement between our second order o p t i c a l  p o t e n t i a l  r e s u l t s ,  th o se  
of the G reen’ s f u n c t io n  method of  Yarlagadda e t  a l .  (1 9 7 3 ) ,  th o se  o f  the  
v a r i a t i o n a l  c a l c u l a t i o n  of  S in fa i la m  and N esbet (1972) and th o s e  of th e  
p o la r i s e d  o r b i t a l  treatm ent o f  Duxler e t  a l .  ( 1 9 7 1 ) .  Our r e s u l t s  f o r  
the  d-wave phase s h i f t s  l i e  above t h o s e  o f  Yarlagadda e t  a l .  and about 10% 
below the r e s u l t s  of both  Duxler e t  a l .  and S in fa i la m  and N esb et .
The r e s u l t s  of a l l  t h e se  c a l c u l a t io n s  l i e  below the  r e s u l t s  of  the phase  
s h i f t  a n a l y s i s  of ex p er im en ta l  data  by Bransden e t  a l .  (1 9 7 3 ) .  I t  i s
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l i k e l y ,  however, th a t  t h i s  l a s t  c a l c u l a t i o n  i s  not v e r y  r e l i a b l e  because  
of e r r o r s  in  the  a v a i la b l e  exp er im en ta l  d a ta .  More a c cu ra te  data  i s  
a t  the moment b e in g  a n a ly sed .
From our th ir d  order work we conclude th a t  the  d i r e c t  s c a t t e r i n g  
ladder  diagram g iv e s  a s i g n i f i c a n t  c o n t r ib u t io n  to  the t h ir d  order  
c o r r e c t io n  to  the phase s h i f t .  This i s .  the dominant c o n t r ib u t io n ,  and 
s in c e  i t  i s  p o s i t i v e ,  we e x p ec t  the  t o t a l  t h ir d  order c o r r e c t io n  to  be  
p o s i t i v e .  There w i l l  be c o n s id e r a b le  c a n c e l l a t i o n s ,  however, due to  the  
correspond ing  exchange diagrams and so we can draw no c o n c lu s io n s  as to  
how la r g e  or sm a ll  th e  t o t a l  t h ir d  order  c o r r e c t io n  i s  l i k e l y  to  b e .
In any ac c u r a te  work u s in g  t h i s  o p t i c a l  p o t e n t i a l  method, th ir d  
order  diagrams must be c o n s id e r e d ,  but to  c a l c u l a t e  the  t h ir d  order  
c o n t r ib u t io n  more a c c u r a te ly  than in  t h i s  p r e s e n t  work i s  a t  th e  moment 
p r o h i b i t i v e l y  e x p e n s iv e .
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CHAPTER VI
AN INTRODUCTION TO THE DISPERSION RELATION 
AND PHASE SHIFT ANALYSIS
The method of phase s h i f t  a n a ly s i s  o f  exp er im en ta l  data  has  
been used f o r  some time in  e lem en tary  p a r t i c l e  p h y s i c s .  I t  has r e c e n t ly  
been a p p l ie d  v e r y  s u c c e s s f u l l y  in  atom ic p h y s i c s ,  n o ta b ly  by Bransden 
and McDowell (1969) and McDowell (1971b) who have co n s id ered  the problems  
of e le c t r o n - h e l iu m  and e l e c t r o n - n e o n - s c a t t e r i n g .  Gerjuoy and K ra l l  
(I960 )  have deve lop ed  d i s p e r s io n  r e l a t i o n s  ap p rop r ia te  to  the  s c a t t e r i n g  
of e l e c t r o n s  by atoms. Tliese can be used  to  c a l c u l a t e  v a lu e s  o f  the  
r e a l  p a r t  o f  the forward s c a t t e r i n g  am plitude which can be used  in  the  
phase s h i f t  a n a l y s i s .
The d i s p e r s i o n  r e l a t i o n  has been t e s t e d  by Bransden and 
McDowell (1969) f o r  e le c tr o n - h e l iu m  s c a t t e r i n g  and shoivn to  be c o n s i s t e n t  
w it h in  the e r r o r s  a s s o c ia t e d  w ith  the  c a l c u l a t io n s  o f  the  v a r io u s  
q u a n t i t i e s  which are in v o lv e d .  Oi.ir aim has been to  t e s t  the  d i s p e r s io n  
r e l a t i o n  f o r  the more com p lica ted  case  o f  e le c tr o n - n e o n  s c a t t e r i n g .
In the second p a r t  of t h i s  t h e s i s  we w i l l  d i s c u s s  the  p ro g ress  which has  
been made. We b e g in  by a b r i e f  in tr o d u c t io n  to  the  d i s p e r s io n  r e l a t i o n  
and the phase s h i f t  a n a l y s i s  te c h n iq u e ,  and we rev iew  what has a lread y  
been done f o r  e le c t r o n - h e l iu m  s c a t t e r i n g .
6 .1 .  Tliq D is p e r s io n  R e la t io n
D is p e r s io n  r e l a t i o n s  are e x p r e s s io n s  which r e l a t e  the  r e a l  
and im aginary p a r ts  of a s c a t t e r i n g  am plitude . They were f i r s t  used  in  
o p t i c a l  p h y s ic s  by Kronig and Kramers (1928) and l a t e r  by workers in  
meson p h y s ic s  to  h e lp  a n a ly se  the  r e s u l t s  o f  h ig h -en er g y  n u c le a r  
s c a t t e r i n g  ex p e r im en ts .  Gerjuoy and K ra l l  (I960 )  co n jec tu r e d  th a t  they
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m ight a l s o  prove u s e f u l  in  atom ic p h y s i c s .  They deve lop ed  the  d i s p e r s io n  
r e l a t i o n s  ap p rop r ia te  to  the  e l a s t i c  s c a t t e r i n g  of  e l e c t r o n s  by atom ic  
hydrogen and used  them s u c c e s s f u l l y  to  d i s t i n g u i s h  between two 
c o n f l i c t i n g  ex p er im en ts .
The d i s p e r s io n  r e l a t i o n s  f o r  the n o n - r e l a t i v i s t i c  s c a t t e r i n g  of  
a p a r t i c l e  by a f i x e d  p o t e n t i a l  V (r)  (which we s h a l l  assume has bounded 
f i r s t  and second moments) had p r e v io u s ly  been d e r iv e d  by K le in  and
Zemach (1 9 5 9 ) .  The t o t a l  w a v e fu n c t io n ,  ip, f o r  the  system  s a t i s f i e s  the
Schrddinger  e q u a t io n
(H + V -  E)ip = 0 ( 6 .1 )
2 2where E = k /2m. The p o t e n t i a l  V (r)  can be t r e a t e d  as an 
inhom ogeneity  term added to  the  homogeneous f r e e  Schrddinger eq u ation
(H  ^ -  E)^^ = 0 ,
th a t  i s ,  (V^ + k^)t|'^ = 0 ( 6 .2 )
Equation ( 6 .1 )  can be w r i t t e n  in  an e q u iv a le n t  i n t e g r a l  form
ip(r) = 4i ( r )  -  |g  (r -  r ’ ) V ( r ’ ) ^ ( r ’ ) d r ’ ( 6 .3 )
where i s  an a r b i tr a r y  s o l u t i o n  of  ( 6 .2 )  and G^  i s  a Green’ s fu n c t io n
2 2of the  o p e r a to r  V + k ,
(V^ + k~)G^(r) = -  <5 (_r)
F o rm a lly ,  we can i t e r a t e  and o b ta in  a s o l u t i o n  of ( 6 . 1 ) ,
ijj = [  ( -  G V)9^ ( 6 .4 )
q=0
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ik ^ ,£
where ip = c w ith  k the s p e c i f i e d  i n i t i a l  energy ando —o
H  N  • ( 6 - 5 )
c-K ) O
Equation ( 6 .4 )  i s  the Corn-Neumann s e r i e s .  E quations ( 6 .3 )  and
( 6 .5 )  can be combined to  g iv e  the Lippmann-Schwinger eq u ation
ip = tp^  -  (E -  + i c )  ^  ip
A ls o ,  i f  G i s  the  Green’ s f u n c t io n  f o r  the t o t a l  H am iltonian  H^  + V,
th a t  i s
G = (E -  H^  -  V + i c ) " l  , ( 6 .6 )
= >p -  (E -  H -  V + i c )  4 k  . ( 6 .7 )o o
For s c a t t e r i n g  from the s t a t e  Ic^  to  th e  s t a t e  the e x a c t  s c a t t e r i n g
am plitude i s  g iv en  by
f  (6 ,  E) = -  2 -  ( 5 .8 )
and the f i r s t  Born approxim ation to  t h i s  i s
q ( o ,  E)  = )  •
K le in  and Zemach (1959) showed th a t  the f u n c t io n
Q(E) = f ( 0 ,  E) -  fm (0 , E) . ( 6 .9 )
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( i )  i s  an a n a l y t i c  fu n c t io n  o f  E in  the complex energy p lan e  w ith
a  branch cut a long the p o s i t i v e  r e a l  a x is  and 0 < argE < 2 i t ;
( i i )  has a branch p o in t  a t  E = 0;
( i i i )  has s im ple  p o le s  a t  the bound s t a t e s  o f  th e  system ;
( i v )  v a n is h e s  a t  la r g e  complex E.
I t  f o l l o w s  from Cauchy’ s Theorem th a t
= F i -
Q(E’ )d E ’
E’ -E
2 n i -  i  R. (j:) ( 6 . 1 0 )
Cz j J
where the  contours C., and C_ arc shown in  F ig u re  6 .1  and R. are the
J
r e s id u e s  of Q(E’ ) (E '- E )   ^ a t  the p o le s  E^. Now V and are r e a l  
q u a n t i t i e s  and i t  can be seen  from e q u a t io n s  ( 6 ,8 )  and ( 6 .7 )  th a t
f * ( 0 ,  E) = f ( 0 ,  E*)
and s i m i l a r l y  f o r  the Born am plitude f^ .  T herefore  
Q(E + i c )  = Q*(E -  i c )  ,
and
1 I Q(E’ )d E ’ _ 1 ( dE’Q (E '+ ic)  ( dE’ O(E’- i e )
2wiJ^ - E’ -E " 2TTi Jq E ’-E E ’-E
p “ dE’ira Q(E’ )
-J o  E ’-E
where P d en otes  th a t  the p r i n c i p l e  v a lu e  of the i n t e g r a l  i s  to  be taken.  
Taking the  r e a l  p a r t  o f  e q u at ion  (6 .1 0 )  and n o t in g  th a t  f^ i s  r e a l ,  the  
d e s ir e d  d i s p e r s io n  r e l a t i o n  i s  o b ta in ed :
"TVvo. ocrMourS v\ ec^ \x.a.V\‘o%AF\(^uf 4. t?. \
Re f  (0 ,E )  = f j , (0 ,E )  + ^
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p “ dE' Im f  ( 0 ,  E ')
o -----------------  I0 J
By u s in g  the o p t i c a l  theorem  
Im f ( 0 ,  k^) = ^
where 0^^^ i s  th e  t o t a l  e le c tr o n -a to m  c r o s s - s e c t i o n ,  the d i s p e r s io n  
r e l a t i o n  can be w r i t t e n
1“  k'Q ( k ' h d k ’ 2 ^
Re f ( 0 , E )  = f  (0 ,E )  + - —  ------------------------------I  • ( S . 11)
•'o k ’ ^-k 1 j
Gerjuoy and K ra l l  (I960) su g g e s te d  th a t  a s im i la r  r e s u l t  would  
hold  f o r  m a n y -p a r t ic lc  c o l l i s i o n s .  They assumed th a t  the  Green's  
f u n c t io n  o f  the  t o t a l  H am iltonian (eq u a tio n  ( 6 . 6 ) )
( i )  has p o le s  a t  the bound s t a t e s  o f  the  system ;
( i i )  has a branch p o in t  a t  E = 0 and a t  every  energy
correspond ing  to  the th r e s h o ld  o f  a new i n e l a s t i c  
channel;
( i i i )  i s  s in g le - v a lu e d  and a n a l y t i c  e x c ep t  a t  the above 
p o le s  and branch p o in t s  i f  a branch cu t  i s  dr aim.
• a lon g  the p o s i t i v e  r e a l  a x i s ,  w ith  the  s p e c i f i c a t i o n
0 _< arg(E-E^) < 2tt f o r  each th r e s h o ld  energy E^;
* . ( R ) * . ( R ' )
( iv )  has the r e p r e s e n t a t io n  —— -------  near  any bound
s t a t e  p o l e .  ^
T h ese-assum ption s  have n o t  been proved bu t  are knoim to  be c o n s i s t e n t  
in  th a t  they  le a d  d i r e c t l y  to  many a ccep ted  form ulae in  m a n y -p a r t ic le  
s c a t t e r i n g .  I f  such a G reen's fu n c t io n  e x i s t s  w ith  t h e s e  p r o p e r t ie s  
then the  fu n c t io n  Q o f  e q u a t io n  ( 6 .9 )  can be formed and the a n a ly s i s
o f  K le in  and Zemach f o l lo w s  through. Thus the d i s p e r s io n  r e l a t i o n  (6 .1 1 )
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h o ld s .  For c a ses  in  which no bound s t a t e s  o f  the  e le c tr o n -a to m  
system  e x i s t  the  r e s id u e  term v a n is h e s  and we have
2 2 p I» k '  Q ( k ' b c l k ' ^
Re f ( 0 ,  k'^) = f  ( 0 ,  k^) + ^  \ --------5------ . ( 6 . 1 2 )
•'o -  k
Now the i n c id e n t  and t a r g e t  e l e c t r o n s  are i d e n t i c a l  and t h e r e f o r e  the
2
s c a t t e r i n g  am plitude f ( 0 ,  k ) i s  a l i n e a r  com bination of d i r e c t  and
2 2 exchange a m p litu d e s ,  fj^(0, k ) and f ^ ( 0 ,  k ) .
The d i s p e r s io n  r e l a t i o n  (6 .1 2 )  i s  a p p l ic a b le  to  s c a t t e r i n g  by
the rare  g a ses  s in c e  in  such c a ses  no bound s t a t e s  of th e  complete
system  e x i s t .  For both  h e lium  and neon ( th e  two c a ses  which we s h a l l
be c o n s id e r in g )  the d i r e c t  and exchange am plitudes are r e la t e d  by
f ( 0 ,  k ^ )  = f  ( 0 ,  i d )  -  f , , ( o ,  i d )  ( 6 . 1 3 )
( s e e  f o r  example S c h i f f  (1 9 5 5 ))  and we can w r i t e
Re f ( 0 , l d )  = f g ( 0 , l d )  -  g p (0 ,k 2 )
1 k' Q pop(k'2)dk'2
where f^ i s  now the Born approxim ation to  the  d i r e c t  s c a t t e r i n g  
am plitude and g^  ^ i s  the  exchange Born s c a t t e r i n g  am plitude .
By ch oos in g  a s u i t a b l e  ground s t a t e  wave f u n c t io n  f o r  the atom, 
the q u a n t i t i e s  f^  and g^ can be c a l c u l a t e d .  The i n t e g r a l  can be  
e v a lu a te d  by u s in g  d i r e c t  exp er im en ta l  measurements f o r  the  t o t a l  c r o s s -  
s e c t i o n  Q-J.Q.J* Thus we can p r e d i c t ,  from the d i s p e r s io n  r e l a t i o n ,  v a lu e s  
o f  the  r e a l  p a r t  o f  the forward s c a t t e r i n g  am plitude , f ( 0 ,  k ) .
In the s p e c i a l  case  o f  zero  e n erg y ,  the d i s p e r s io n  r e l a t i o n
becomes
1 !" pT 0T(k'2)dk'2
-A = Re f ( 0 , 0 )  = f j , ( 0 ,0 )  -  g j , (0 ,0 )  + > -P j  - - - - - p ------—  (6 .1 5 )
where A i s  the  s c a t t e r i n g  le n g th  d e f in e d  by
-A = l im  Re f ( 0 ,  k^) . (6 .1 6 )
k-K)
A i s  known a c c u r a te ly  from experim ent and so  we have in  e q u a t io n  (6 .1 5 )  
a means o f  t e s t i n g  the v a l i d i t y  o f  the d i s p e r s io n  r e l a t i o n .
6 .2 .  Phase S l i i f t  A n a ly s is  o f  e le c tr o n -a to m  s c a t t e r i n g
The tech n iq u e  of phase s h i f t  a n a ly s i s  o f  exp er im en ta l  data  i s  
a p p l ic a b le  in  many branches of p h y s i c s .  As we have m entioned b e f o r e ,  
i t  has been  u sed  f o r  some time in  e lem en tary  p a r t i c l e  p h y s i c s ,  n o ta b ly  
by Vik and Rugge (1963) and Bransden e t  a l .  (1966) in  a n a ly s e s  o f  p io n -  
n u c leon  d a ta .  The f i r s t  a p p l i c a t io n  to  atom ic s c a t t e r i n g  data  was by 
Hoeper e t  a l .  (1 9 6 8 ) ,  who an a lysed  th e  d i f f e r e n t i a l  c r o s s - s e c t i o n  data  
o f  Ramsacur and K o lla th  (1 9 3 2 ) .  Tliis work was extended  by Bransden 
and McDowell (1969) f o r  the  case  of  e l e c t r o n  he lium  s c a t t e r i n g .  (Tliis  
w i l l  be d is c u s s e d  b r i e f l y  in  the n ex t  s e c t i o n . )
For the  method o f  phase s h i f t  a n a ly s i s  to  be f e a s i b l e  i t  i s
n e c e s s a r y  to  have measurements of s e v e r a l  d i s t i n c t  o b se r v a b le s  o f  a
sy s tem , th e se  o b s e r v a b le s  each depending on d i f f e r e n t  com binations o f  a
few v a r i a b l e s ,  w i t h in  a g e n e r a l  t h e o r e t i c a l  m odel. V alues x^ o f  the
o b se r v a b le s  are c a lc u la t e d  in  terms o f  th e se  v a r ia b le s  and are compared
w ith  the  measured v a lu e s  o f  th e se  q u a n t i t i e s ,  îh , which are s u b j e c t  to
e r r o r s  6X .. The sum 1
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N X. -  X.  2
Y = I  ^~ôl ?— ( 6. 17)  
i =l
i s  then formed and m inim ised w ith  r e s p e c t  to  the v a r i a b l e s ,  s u b j e c t  to  
any n e c e s s a r y  c o n s t r a i n t s .  Here N i s  the number of  independent  
measurements c o n s id e r e d .  I f  n i s  the  number o f  param eters used  in  the  
t h e o r e t i c a l  c a l c u l a t i o n ,  then th e re  are m = (N--n) d egrees  of freedom.
The q u a n t i ty
2
X = F/m
i s  u sed  as a t e s t  o f  the q u a l i t y  o f  the f i t  which i s  a c h iev e d .
2For a s a t i s f a c t o r y  f i t ,  x should  be l e s s  than u n i t y .  S ev era l  computer 
programs e x i s t  which perform t h i s  m in im iz a t io n  c a l c u l a t i o n .
The v a r ia b le s  used  depend on the p a r t i c u l a r  problem b e in g  
c o n s id er e d  but in  the case  o f  e le c tr o n -a to m  s c a t t e r i n g  i t  i s  con ven ien t  
to  p a r a m ete r ise  the phase s h i f t s .  Bransden and McDowell (1969 , and 
McDowell (1971a ))  p o in t  out th a t  by fo r m u la t in g  the t h e o r e t i c a l  a n a ly s i s  
in  terms o f  the S m atrix  r a th er  than in  terms o f  the phase s h i f t s  
d i r e c t l y ,  u n i t a r i t y  i s  imposed on the s o l u t i o n .  Tlie e l a s t i c  s c a t t e r i n g  
am p litu d e , and hence many of the o b se r v a b le s  f o r  which exp er im en ta l  
in fo r m a tio n  i s  a v a i l a b l e ,  can be e x p r e sse d  in  terms o f  t h i s  S m atr ix .
The ("th e lem ent o f  the S m atr ix  f o r  impact energy k i s  d e f in e d  by
2 i n '  ( k r ^  -  + | r  ) 2 i «
S ( ( ,  k) = e  2----------  e . ( 6 .1 8 )
(kr^
I t  i s  assumed th a t  in  each p a r t i a l  wave th e re  i s  a t  most one resonance
2: and w ith  w idth  B . <Sr £ £ £
2
c orresp on d in g  to  an energy k T 6 i s  the £th p a r t i a l
wave phase s h i f t  and
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-1  h  -  K l  
\  - 4 — r r r
-  4 h
where i s  the p o t e n t i a l  s c a t t e r i n g  p ar t  o f  the J?,th p a r t i a l  wave phase  
s h i f t  and the  in v e r s e  tan gen t  i s  such th a t  5 approaches away from the  
r e so n a n c e .  This i s  a form o f  the  B re it-W ign er  one l e v e l  resonance  
form ula .
The e l a s t i c  s c a t t e r i n g  am plitude i s  then g iv en  by
f ( 0 ,  k^) = - i r  I  (2 « + l) (S (J l ,k )  -  1) P , ( c o s 6 )  
1=0
where P^(x) i s  the Legendre p o lynom ia l o f  order  £ . Thus
Re f ( 0 ,k ^ )  = ^  ) (2 £ + l)  Im S (£ ,  k) P . ( c o s 8 )  ( 6 .2 0 )
%=o ^
Im f ( 9 ,k ^ )  = i  (2 £ + l) (R e  S (£ ,k )  -  l ) P . ( c o s 8 )  . (6 .2 1 )
£ ^
In p a r t i c u l a r ,  the  fo n /a r d  e l a s t i c  s c a t t e r i n g  am plitude s a t i s f i e s
■ ■
Re f ( 0 ,  k^) = Z (22+1) S (£ ,  k) . ( 6 .2 2 )
^ £=0
2The t o t a l  e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n ,  Q^^(k ) ,  i s
g iv en  by
oo
Q , ,O c b  = I  Q^Ocb
£=0
where
Q.O-d) = ■^(21+1) s i n h , '
Ic (1+c)^
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q and c arc the  Fano param eters (Fano 1961) ,
q = - c o t n / ,  c = 2(k2 -
9
The d i f f u s i o n  c r o s s - s e c t i o n ,  Q^(k^), can be w r i t t e n  as
oo
0 (k^) = —  I  . ( £ + l ) s in ^ ( 6  -6  )
k £=0
and the  d i f f e r e n t i a l  c r o s s - s e c t i o n  as
1 ( 0 ,  k^) = | f ( 0 ,  k 2 ) | 2  = I Re ,:(8,  ! ;2 ) |2  + | f  ( o ,  k ^ ) |^
where the r e a l  and im aginary p a r ts  o f  the s c a t t e r i n g  am plitude are
g iv e n  by e q u a t io n s  ( 6 .2 0 )  and ( 6 . 2 1 ) .
E xperim ental measurements of the  t o t a l  c r o s s - s e c t i o n ,
can a l s o  be in trod u ced  in to  the phase s h i f t  a n a l y s i s ,  by means of the '
d i s p e r s io n  r e l a t i o n  ( 6 . 1 4 ) .  I f  th e re  e x i s t  measurements o f  OpQ.p over
a wide range o f  e n e r g ie s  and c a l c u l a t io n s  o f  i t s  h igh  energy behaviour
2i n ,  s a y ,  the f i r s t  Born approxim ation , then we can e v a lu a te  Re f ( 0 , k  )
from eq u a t io n  ( 6 . 1 4 ) .  The req u ired  d i r e c t  and exchange Born s c a t t e r i n g
am plitudes can be c a lc u la t e d  by ch oos in g  a s u i t a b l e  ground s t a t e  w ave-
f u n c t io n .  We can thus t r e a t  Re f ( 0 ,  k ) as ex p er im en ta l  d a ta .  We
have another  means o f  t e s t i n g  the  v a l i d i t y  o f  the d i s p e r s io n  r e l a t i o n
2as we can compare the  v a lu e s  o f  Re f ( 0 ,  k ) ob ta in ed  in  t h i s  way w ith  
th o se  o b ta in ed  from e q u a t io n  ( 6 . 2 2 ) .
I f  the p o t e n t i a l  s c a t t e r i n g  phase s h i f t s  are p aram eter ised ,  
then th e  S m a tr ix ,  d e f in e d  by eq u a t io n s  ( 6 .1 8 )  and ( 6 .1 9 )  can be  
e v a lu a te d  in  terms of  th e se  p aram eters. Hence t h e o r e t i c a l  v a lu e s  o f  the
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r e q u ired  o b se r v a b le s  can be o b ta in ed  and used  in  the  form ation  of  the  
sum ( 6 . 1 7 ) .  The m in im iz a t io n  procedure can then be a p p l ied  and the  
optimum v a lu e s  o f  the  param eters used  to  g iv e  v a lu e s  o f  the phase s h i f t s  
T h e o r e t ic a l  r e s u l t s  o f  a very  g e n e r a l  n atu re  can be in trod u ced  
as c o n s t r a in t s  on the  m in im iza t io n  proced u re . For example, O'Malley  
e t  a l .  (1962) have prov ided  some g e n e r a l  r e s u l t s  on the energy dependence  
o f  the  s c a t t e r i n g  phase s h i f t s  in  the  low energy r e g io n ,  f o r  e l e c t r o n -  
n e u t r a l  atom s c a t t e r i n g .  We r e q u ir e ,  f o r  atoms in  S s t a t e s ,
k c o t  ^  Y k + - ^  k^ lo g  + O(k^)
and
| j 2 i - l ) ( 2 £ + l ) ( 2 £ + 3 )  ^  ^ °  '
where A i s  the  s c a t t e r i n g  le n g th  and a the  known p o l a r i z a b i l i t y .
One f u r th e r  c o n s t r a in t  th a t  i s  u s u a l ly  imposed i s  th a t  the  
p o t e n t i a l  s c a t t e r i n g  p a r t  o f  the phase s h i f t  shou ld  be a continuous  
and d i f f e r e n t i a b l e  f u n c t io n  of en ergy .
6 . 3 .  A p p l ic a t io n  to  e le c tr o n - h e l iu m  s c a t t e r i n g
As we have m entioned b e f o r e ,  the  f i r s t  a p p l i c a t i o n  of phase
s h i f t  a n a l y s i s  to  atom ic s c a t t e r i n g  data  was th a t  o f  Hoeper e t  a l .  (1968)
who a n a ly sed  th e  d a ta  o f  Ramsaeur and K o lla th  (1932) on the  d i f f e r e n t i a l
2
c r o s s - s e c t i o n  1 ( 8 ,  k ) .  They o b ta in ed  r e s u l t s  f o r  the  phase s h i f t s  
which were in  d isagreem ent w ith  th o se  from a l l  t h e o r e t i c a l  m odels . A 
s im i la r  a n a l y s i s  was c a r r ie d  out by Andrick e t  a l .  (1970) who used  t h e i r  
oim measurements o f  1 ( 9 ,  k ) and o b ta in ed  good agreement w ith  t h e o r e t i c a l  
phase s h i f t s .
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R e c e n t ly  Bransden and McDowell (1969 , I960) and McDowell (1971a)
2 2 2 have extended the a n a ly s i s  to  in c lu d e  1 ( 6 ,  k ) ,  Q^^(k ) ,  Q^(k ) and
2Re f ( 0 ,  k ) ,  the l a s t  b e in g  d e r iv e d  from measurements o f  the t o t a l  cross-
s e c t i o n  v i a  the d i s p e r s io n  r e l a t i o n  ( 6 . 1 4 ) .  In t h e i r  f i r s t  paper they
co n s id er e d  two s e t s  o f  measurements o f  1 ( 0 ,  k ) ,  by (a) Ramsaeur and
K o lla th  ( 1 9 3 2 ) ,  and (b) Gibson and Dolder (1969) , in  the  energy range
23 .1  to  1 9 .1  eV. They adopted the  v a lu e s  o f  Q^^(k ) g iv en  by
Golden and Bandel (1965) and th o se  of O^(k^) by F r o s t  and Phelps (1 9 6 4 ) ,
2to g e th e r  w ith  v a lu e s  of Re f ( 0 ,  k ) o b ta in ed  from the d i s p e r s io n
r e l a t i o n ,  and they i n v e s t i g a t e d  t h e i r  c o n s is t e n c y  compared w ith  the
2‘  2 
tx-jo s e t s  o f  data  on 1 ( 8 ,  k ) .  The r e s u l t i n g  v a lu e s  o f  x were
(a) 3 .5 4  and (b) 1 .1 8 ,  i n d i c a t i n g  th a t  the G ibson-D older d i f f e r e n t i a l
c r o s s - s e c t i o n s  are f a r  s u p e r io r  to th o se  of  Ramsaeur and K o lla th .
Bransden and McDowell (1969) a l s o  p r e d ic t e d  s ,  p and d wave
phase s h i f t s  u s in g  the  data  m entioned above. Tliey compared them w ith
th o se  from the extend ed  p o l a r i s e d  o r b i t a l  c a l c u l a t i o n  o f  Callaway e t  a l .
(1968) and the  o p t i c a l  p o t e n t i a l  model o f  Pu and Chang (1 9 6 6 ) .  For the
s and p waves they concluded th a t  a l l  the ex p er im en ta l  in fo rm a tio n  which
they  used  was c o n s i s t e n t  w ith  the t h e o r e t i c a l  v a lu e s  to  w i t h in  5%.
The d-wave phase s h i f t s ,  how ever, were n o t  determ ined by the  a v a i la b le
e x p er im en ta l  d a ta  to  b e t t e r  than 25%.
F urther  ex p er im en ta l  data  has s in c e  become a v a i l a b l e ,  and the
c a l c u l a t i o n  o f  the  phase s h i f t s  has been r e p e a te d .  (A minor er ro r  in
the e a r l i e r  work in  the c a l c u l a t i o n  of the Born exchange am plitude  
2g g ( 0 ,  k ) has a l s o  been c o r r e c t e d . )  The r e s u l t s  have a lread y  been  
d is c u s s e d  in  §3 .2  and are shown in  F ig u r e s  3 .1 ,  3 .2  and 3 .3  where they  
are a l s o  compared w ith  v a r io u s  o th e r  t h e o r e t i c a l  m od e ls .  We have seen
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th a t  a lthou gh  th ere  i s  re a so n a b le  agreement between the  theory  and the
phase s h i f t  a n a ly s i s  r e s u l t s  f o r  s and p wave phase s h i f t s ,  th e  d-wave
r e s u l t s  are s t i l l  i n c o n s i s t e n t .
Bransden and McDowell (1969 , 1970) a l s o  compared the v a lu e s  o f
2the r e a l  p a r t  of the forward s c a t t e r i n g  am p litu d e , f ( 0 , k ) ,  ob ta in ed  
from t h e i r  phase s h i f t  a n a ly s i s  c a l c u l a t i o n s ,  v i a  e q u a t io n  ( 6 . 22) ,  w ith  
th o se  p r e d ic te d  by the d i s p e r s io n  r e l a t i o n  ( 6 . 1 4 ) .  They con s id ered  
two energy r a n g e s ,  3 .1  to  1 9 .1  eV and 100 to  500 eV, and in  each case  
found agreem ent. I t  was concluded th a t  w i t h in  the e r ro r s  a s s o c ia t e d  
w ith  the  v a r io u s  c a lc u la t e d  and ex p er im en ta l  q u a n t i t i e s  th e  measured 
c r o s s - s e c t i o n s  were c o n s i s t e n t  w ith  the  d i s p e r s io n  r e l a t i o n .
There are two e r r o r s  which a r i s e  in  the  c a l c u l a t i o n  o f
2 . . .  .Re f ( 0 ,  k ) u s in g  the  d i s p e r s io n  r e l a t i o n  ( 6 . 1 4 ) .  These are r e l a t i v e l y
e a s i l y  d e a l t  w ith  in  the  case  o f  e le c t r o n - h e l iu m  s c a t t e r i n g ,  but f o r  
l a r g e r  atoms the problem i s  much more co m p lic a te d ,  as we s h a l l  s e e  in  
th e  n e x t  ch a p ter .  In  the next s e c t i o n  we s h a l l  d i s c u s s  th e se  e r r o r s .
6 . 4 .  Errors in  Re f ( 0 ,  k ) c a lc u la t e d  from the  d i s p e r s io n  r e l a t i o n
There are two im portant so u r c es  o f  e r r o r  in  th e  d i s p e r s io n
2
r e l a t i o n  c a l c u l a t i o n  of  Re f ( 0 ,  k ) .  F i r s t ,  th e r e  are u n c e r t a i n t i e s
2in  the adopted v a lu e s  o f  the  t o t a l  c r o s s - s e c t i o n  Q^QT^  ^ ) '  D ir e c t  
measurements o f  are a v a i la b l e  o n ly  over  a l im i t e d  range o f  e n e r g ie s
(below 100 eV) and even th e se  are s u b j e c t  to exp er im en ta l  e r r o r s .  .A t  
high  e n e r g ie s  the Born approxim ation should  be r e l i a b l e ,  but i t  i s  
n e c e s s a r y  to  i n t e r p o l a t e  f o r  the in te r m e d ia te  r e g io n .  The er ro r  in  
Re f ( 0 ,  k ) which can be a t t r ib u t e d  to  t h i s  procedure i s  d i f f i c u l t  to  
e s t im a t e .  I t  i s  c e r t a i n l y  sm all  a t  low and h igh  e n e r g ie s , bu t  may be as
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la r g e  as 15% in  the  in te r m e d ia te  energy range.
The second sou rce  o f  e r ro r  i s  in  the  c a l c u l a t i o n  of the Born 
approxim ation to  the s c a t t e r i n g  am plitude and i s  due to  the  f a c t  th a t  
the  ground s t a t e  w a v efu n ct io n  i s  o n ly  known approx im ate ly .  For h e l iu m ,  
the d i r e c t  and exchange Bom am plitudes are g iv en  by
f n ( o , k b  = - dr. d£g I (KZi , V (r ,  , , r,,)-V - 2
gj ,(0 ,k^ ) = -  jdr^jdr^jdr^  tKr^, " V (r^ , r^ , r^)
whe re £ 2 , £ 3) =
- 1  - 3 g V  -  £ , | ' ^ 2 )
i s  the ground s t a t e  w a v efu n ct io n  of the helium  atom. Tlie he lium  wave­
fu n c t io n  adopted by Bransden and McDowell (1969) i s
-z n .  - 2zr  - z r
= N(e + ce ) (e + ce
- 2zr,
■), c = 0 . 6 , z = 1 .4558
( 6 .2 3 )
This p r o v id e s  the  v a lu e  f^XO, k ) = .7878 which may be compared w ith  the  
v a lu e  .7913  o b ta in ed  by P e k e r is  (1959) u s in g  a many-parameter wave­
f u n c t io n ,  and Kim and I n o k u t i ’ s (1968) sum -rule  v a lu e  o f  .79,11. In  
f a c t  the  f u n c t io n  f^ i s  r e l a t i v e l y  i n s e n s i t i v e  to  the  p a r t i c u l a r  wave­
f u n c t io n  ch osen . The exchange am p litu d e , g^, how ever, i s  much more 
s e n s i t i v e .  At la r g e  e n e r g ie s  t h i s  i s  unim portant s in c e  th e  fu n c t io n  
d e c r e a s e s  r a p id ly  w ith  en e r g y ,  bu t  a t  low e n e r g ie s  g^ must be known 
a c c u r a t e ly .  Lawson e t  a l .  (1966) have used  two d i f f e r e n t  w a v e - fu n c t io n s  
and compared th e  v a lu e s  o f  the forward s c a t t e r i n g  i n t e n s i t y  a t  zero  
e n ergy . The e r r o r  a r i s i n g  from a s im ple  H artree-Fock wave f u n c t io n  as 
compared w ith  a many-parameter v a r i a t i o n a l  wave f u n c t io n  was q u i t e  
c o n s id e r a b le .  Although i t  d e c r e a se s  r a p id ly  w ith  en erg y ,  i t  w i l l  s t i l l
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be s i g n i f i c a n t  below 10 eV. This problem can be overcome in  s e v e r a l  
w ays, the most obvious b e in g  by ch oos in g  a s u i t a b l y  a ccu ra te  wave­
f u n c t io n .  For exam ple, one could  take  c o r r e l a t i o n  in t o  account by u s in g  
a c o n f ig u r a t io n  i n t e r a c t i o n  type  of w a v e fu n c t io n .  We s h a l l  c o n s id er  
t h i s  approach in  Chapter V I I I .  An a l t e r n a t i v e  procedure was adopted  
by Bransden and McDowell (1969) bu t  we do n o t  expand on i t  h e r e .
I t  has been shovm by Bransden and McDowell th a t  th e  method of  
phase s h i f t  a n a ly s i s  can be s u c c e s s f u l l y  a p p l ie d  to  atom ic  s c a t t e r i n g  
d ata . The c o n s is t e n c y  o f  d i f f e r e n t  s e t s  o f  exp er im en ta l  measurements  
can be t e s t e d  and in a c c u r a te  data  can be d i s t i n g u i s h e d .  Phase s h i f t s  
can be o b ta in ed  from the d a ta ,  t h e i r  accuracy  b e in g  l im i t e d  by the  
accuracy  o f  the  d a ta .  In the  case  o f  e le c t r o n - h e l iu m  s c a t t e r i n g  the  
d i s p e r s io n  r e l a t i o n  has been t e s t e d  and shown to  be c o n s i s t e n t  w i th in  
the e r r o r s  a s s o c i a t e d  w ith  i t .  I t  i s  v ery  im p ortan t ,  however, to  
have an a c c u r a te  ground s t a t e  wave f u n c t io n  f o r  the c a l c u l a t i o n  of the  
Bom  approxim ation to  the exchange s c a t t e r i n g  am plitude.
In the n ex t  chapter  we c o n s id e r  the a p p l i c a t i o n  of  t h i s  techn iqu e  
to  th e  more com p lica ted  case  o f  e le c tr o n - n e o n  s c a t t e r i n g .
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CHAPTER VIT
THE DISPERSION RELATION FOR NEON
The d i s p e r s io n  r e l a t i o n  f o r  the  s c a t t e r i n g  o f  e l e c t r o n s  by the  
neon atom i s  g iv en  in  e q u a t io n  ( 6 . 1 4 ) .  In order to  t e s t  i t s  v a l i d i t y ,  
we r e q u ire  th ree  q u a n t i t i e s .  F i r s t ,  v a lu e s  o f  th e  t o t a l  c r o s s - s e c t i o n ,  
a t  a l l  e n e r g ie s ,  are needed f o r  the e v a lu a t io n  of the  i n t e g r a l  
in  e q u a t io n  ( 6 . 1 4 ) .  S econ d ly , we need v a lu e s  o f  the  r e a l  p a r t  o f  the  
forward s c a t t e r i n g  am p litu d e , in c lu d in g  the p a r t i c u l a r  case  of the  
s c a t t e r i n g  l e n g t h .  These are o b ta in ed  from a phase s h i f t  a n a ly s i s  of  
the a v a i l a b l e  ex p e r im en ta l  d a ta ,  apart from F i n a l l y ,  the Bom
approxim ations to  the d i r e c t  and exchange forward s c a t t e r i n g  am plitudes  
must be e v a lu a te d .  In t h i s  chapter  we c o n s id e r  each of th e se  in  turn .
7 .1 .  The t o t a l  s c a t t e r i n g  c r o s s - s e c t i o n
For e n e r g ie s  below 20 eV, d e t a i l e d  e x p er im en ta l  measurements 
by Salop and Nakano (1970) o f  the  t o t a l  c r o s s - s e c t i o n ,  are
a v a i l a b l e .  I t  i s  shoim by In o k u ti  e t  a l .  (1967) th a t  a t  h igh  e n e r g ie s  
the t o t a l  i n e l a s t i c  c r o s s - s e c t i o n ,  can be o b ta in ed  from a sum r u l e .
They t e s t e d  t h e i r  r e s u l t  by making an a c cu ra te  e v a lu a t io n  of f o r
the helium  atom and o b ta in ed  e x c e l l e n t  agreement w ith  ex p er im en ta l  d a ta .  
Tlic t o t a l  e l a s t i c  c r o s s - s e c t i o n  can be e x p r e sse d  in  terms o f  the atomic  
form f a c t o r  F (K ), which has been c a lc u la t e d  a c c u r a te ly  by P e ix o to  e t  a l .
(1 9 6 9 ) .  By combining th e se  r e s u l t s  f o r  and , a h igh  energy form  
f o r  the t o t a l  c r o s s - s e c t i o n ,  can be found. We s h a l l  d i s c u s s  t h i s
b r i e f l y .
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The atom ic form f a c t o r  F (K) and the in c o h e r e n t  s c a t t e r i n g  
f u n c t io n  f o r  a n e u t r a l  atom o f  atom ic number Z are d e f in e d  as
f o l lo w s  :
Z iK .r .
F(K)  = [  < 0 | e  d  0 >  ( 7 . 1 )
j = l
Sinc(K ) = I
Z i K . ( r . . r . )
[  < 0 | e -  - J  | 0 >  -  | f ( K )  
.i ,k = l
( 7 . 2 )
where i s  the momentum t r a n s f e r  and r .  the r a d ia l  v e c t o r  from the  
— —J '
n u c leu s  to  the j t h  e l e c t r o n .  F o l lo w in g  Kim and In o k u ti  (1968) we have ,  
in  the f i r s t  Born approxim ation ,
4 a /
do =  V |Z - F ( K ) r  dQ ( 7 .3 )
4a 2
O
where do _ i s  the d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  the  e l a s t i c  s c a t t e r i n g  e i
of e l e c t r o n s  by an atom and da. -, i s  th a t  summed over  a l l  i n e l a s t i ci n e l
c o l l i s i o n s ,  assuming th a t  the momentum of the  in c id e n t  e l e c t r o n  i s  v ery  
l a r g e  compared to  the momentum t r a n s f e r .
The g e n e r a l i s e d  o s c i l l a t o r  s t r e n g t h  fg(K ) f o r  the  t r a n s i t i o n  from  
the ground s t a t e  to  the s t a t e  s i s  d e f in e d  by 
E iK .r .
f  (K) = |<  0 |^  e J | s  >  I ( 7 .5 )
j
and the  o p t i c a l  o s c i l l a t o r  s tr e n g th  i s
f  = lim  f  (K) 
® K-O ®
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i s  the e x c i t a t i o n  energy of the s t a t e  s measured from the ground s t a t e
C le a r ly
^ T T —  = • 0 . 6 )
s s
We f u r th e r  d e f in e  the  moment of the o p t i c a l  o s c i l l a t o r  s tr e n g th  S(p) by
s(w) = 2 f g ( E g )  . ( 7 . 7 )
s
In e q u a t io n s  ( 7 .5 )  -  ( 7 .7 )  the summations are over a l l  d i s c r e t e  and 
continu ous s t a t e s ,  e x c lu d in g  the  i n i t i a l  one.
I t  i s  shoim by In o k u ti  e t  a l .  (1967) th a t
O inei = ~{M ^log(4C E ) + . . .  } ( 7 .8 )
where E i s  the energy of th e  system  in  R ydbergs, and where
= I  fgEg"! = S ( - l )  . ( 7 .9 )
s
F u r th e r ,  they show th a t
M^log C = -2 L ( -1 )  + I^ -  I 2 (7 .1 0 )
where L ( - l )  = [  f^E^ ^ log  E  ^ = “
s
2dK
(7 .1 1 )
y = - l
h  = J,  ^ Z h n c ( ‘0 / l d }  ^
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V alues of  the in c o h e re n t  s c a t t e r i n g  f u n c t io n  S. (K) fo r  neon have beenin c
ta b u la te d  by P e ix o to  e t  a l .  ( 1 9 6 9 ) .  (Note th a t  t h e i r  v a r ia b le  s i s  
g iv en  by K = 0 .5 3  s . )  McDowell has used  th e se  r e s u l t s  to  e v a lu a te  
the i n t e g r a l s  and ap p rox im ate ly ,  and o b ta in s
= 2 .9 9 3 ,  = 0 .6 4
The q u a n t i ty  L ( - l )  i s  the s lo p e  of the curve S(p) a t  the  p o in t  y = - 1 .
The req u ired  v a lu e s  o f  S(yX are g iv en  by P iech  and L ev inger  (1 9 6 4 ) ,
S ( “2) = a /1 6  = .67  ,
where a i s  the  atom ic  p o l a r i s a b i l i t y ,
S ( - l )  = 1 .9 2 5 ,  S(0)  = 1 0 .0  = Z,
S ( l )  = 2 9 3 .7 ,  S (2 )  = (1 1 .2  + 0 . 6) x 10^ .
(The v a lu e  of. S ( ~ l )  i s  th a t  o f  Dalgarno and K ingston  ( I 9 6 0 ) . )  I t  i s  
found g r a p h ic a l ly  th a t  L ( - l )  = 2 .6  +. 0 . 2 .  S u b s t i t u t in g  t h e se  r e s u l t s
in t o  e q u a t io n  ( 7 .8 )  we f in d  the h ig h  energy form f o r  the t o t a l  i n e l a s t i c
c r o s s - s e c t i o n  to  be
a . _(%%) = — {1 .925  lo g  4k^ -  2 .8 4 7 )  ' (ra  ^) . ( 7 .1 2 )i n e i  1 Z o
JC
which i s  in  good agreement w ith  an independent d e r iv a t io n  by Saxon (1973)  
For e l a s t i c  s c a t t e r i n g ,  we have from eq u ation  ( 7 .3 )
a (k^) = ^  I k“ ^ | z -  F (K ) |2  dK • (ira ^) .
1; Jk . °
m ill
This i n t e g r a l  has been e v a lu a te d  by McDowell, u s in g  the ta b u la te d  v a lu e s
f o r  F(K) g iv en  by P e ix o to  e t  a l .  ( 1 9 6 9 ) .  I t  i s  no ted  th a t  f o r  e l a s t i c
2
s c a t t e r i n g ,  K . = 0  and K = 2k, and so  f o r  k > 25 ,min max —
-  1 0 1  -
a ( k“ ) = I K ^ | z  -  F( K) | ^  clK
1/  Jq
17.55
f o r  lower e n e r g i e s ,  a c o r r e c t io n  f o r  I has to  be made and McDowell
•'kmax
o b ta in s  the b e t t e r  approxim ation to  the t o t a l  e l a s t i c  c r o s s - s e c t i o n
-  - Y ’- h  O ia^h . (7 .1 3 )
k k
Tlie t o t a l  s c a t t e r i n g  c r o s s - s e c t i o n ,  0^^^, i s  g iven  by
QTOT(k') = O n c l ( k ' )  + •
Tims f o r  h igh  e n e r g ie s  we h ave , from e q u a t io n s  ( 7 .1 2 )  and (7 .1 3 )
-^ -[^ •'^33  l o g . j d  + 4 . 2 2  J  . ( 7 .1 4 )
k k
Further  work i s  in  p r o g r e ss  and w i l l  be r e p o r te d  e lse w h er e  ( In o k u t i  
and McDowell 197 3 ) .
We have t h e r e fo r e  a means o f  c a l c u l a t i n g  the t o t a l  c r o s s - s e c t i o n s  
fo r  h ig h  e n e r g ie s ,  and fo r  low e n e r g ie s  we have the  exp er im en ta l  data  
of Salop and Nakano (1 9 7 0 ) .  However, in  the  in te r m e d ia te  energy range ,  
no in fo rm a tio n  i s  a v a i l a b l e ,  and so  i t  i s  n e c e s s a r y  to  i n t e r p o l a t e .
As we have m entioned b e f o r e ,  t h i s  in tr o d u c e s  e r r o r s  in t o  the e v a lu a t io n  
of the i n t e g r a l  in  the d i s p e r s io n  r e l a t i o n  ( 6 . 1 4 ) .
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7 .2 .  Phase Shi f t  a n a ly s i s  of e le c tr o n - n e o n  s c a t t e r i n g
The techn iqu e  o f  phase s h i f t  a n a ly s i s  has been a p p lied  by 
McDowell (1971b) to  the s c a t t e r i n g  o f  s low  e le c t r o n s  by neon. The 
a n a ly s i s  i s  p a r a l l e l  to  th a t  d e sc r ib e d  in  § 6 .2 ,  the aim b e in g  to  f in d  a 
s e t  of phase s h i f t s  which w i l l  g iv e  a s im ultan eou s  f i t  to  the exp er im en ta l  
d a ta  on the t o t a l  e l a s t i c ,  the d i f f u s i o n ,  and the e l a s t i c  d i f f e r e n t i a l  
c r o s s - s e c t i o n s ,  over  a wide range o f  e n e r g ie s .  The phase s h i f t s  are  
r e s t r i c t e d  by r e q u ir in g  them to  be continuous fu n c t io n s  of the en ergy ,  
away from the r e so n a n c e s ,  and to  s a t i s f y  the  Spruch bounds.* The 
r e s u l t s  are compared w ith  th o se  from the most im portant t h e o r e t i c a l  
m odel, the p o l a r i s e d  o r b i t a l  c a l c u l a t i o n  of  Thomson (1 9 6 6 ) .
The o n ly  a v a i la b l e  a b s o lu te  measurements o f  the  e l a s t i c
2d i f f e r e n t i a l  c r o s s - s e c t i o n  1 ( 6 ,  k ) ,  f o r  e le c tr o n - n e o n  s c a t t e r i n g  
a t  th a t  time were th o se  of Ramsaeur and K o lla th  (1 9 3 2 ) .  I t  was found  
in  the  h e lium  work of Bransden and McDowell (1969) th a t  the  data of  
Ramsaeur and K o lla th  was u n r e l ia b l e  a t  sm all  e n e r g ie s  and sm all  a n g le s .
Tlie d ata  used  i n  t h i s  work was th e r e f o r e  r e s t r i c t e d  to  e x c lu d e  such  
r e g io n s .
The ex p er im en ta l  v a lu e s  of the d i f f u s i o n  c r o s s - s e c t i o n  used by 
McDowell were th o se  of Crompton and R ob ertson , which were taken in  a 
swarm experim ent on the  d r i f t  v e l o c i t i e s  o f  s low  e l e c t r o n s  in  neon 
( s e e  F r o s t  and Phelps 1 9 6 4 ) .
The t o t a l  e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n  data  o f  Salop and 
Nakano (1970) was a l s o  used  in  the phase s h i f t  a n a l y s i s .
Tliis exp er im en ta l  data  and a l s o  the correspond ing  t h e o r e t i c a l  
r e s u l t s ,  in  terms o f  the S m atrix  ( s e e  § 6 .2 )  are used  in  the form ation  
o f  the sum F , d e f in e d  by e q u at ion  ( 6 . 1 7 ) .  This f u n c t io n  i s  then
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m inim ised w ith  r e s p e c t  to  the param eters in v o lv e d  in  the phase s h i f t s .  
McDowell p a r a m ete r ise s  the phase s h i f t s  in  the  f o l lo w in g  way:
tan n (k^) = - a  ^k^ -  a ^ak^logk +  ^ a . k^^^o 01 3 01 o i
1=2
'  T 2 i n i T 2 T l l T ( T F + T ) ' .1. '- = 1 . 2
3Tlie p o l a r i z a b i l i t y , a , i s  taken to  he 2 .6 7  a^ . The h ig h e r  
phase s h i f t s  are assumed to  be dom inantly due to  the  long  range  
p o l a r i z a t i o n  i n t e r a c t i o n ,
Vpol “ " ;-4 (ryd)
They are c a lc u la t e d  in  the f i r s t  Born approxim ation . This  
p a r a m e te r is a t io n  o f  the low er order  phase s h i f t s  i s  chosen so th a t  the  
le a d in g  terms are o f  the form p r e d ic te d  by O’M alley (1 9 6 3 ) .  At very
sm all  v a lu e s  o f  k i t  agrees  w ith  O’M a l l e y ’s e f f e c t i v e  range expansion
3 . . . .to  order  k : a d d i t io n a l  terms are in trod u ced  to r e p r e s e n t  the  behaviour
of the phase s h i f t s  over  the range 0 < k < 1 .5  a .u .  McDowell p o in ts
out  th a t  such a c h o ic e  o f  p a r a m e te r iz a t io n  i s  e m p ir ic a l  and i s  n o t
r ig o r o u s ly  deduced from a t h e o r e t i c a l  m odel. The phase s h i f t s  are a l s o
req u ired  to  be continu ous and d i f f e r e n t i a b l e  f u n c t io n s  o f  energy .
The m in im iz a t io n  procedure i s  then performed by u s in g  the
computer program (VA04A) of Pow ell  and F l e t c h e r  (1 9 6 4 ) .
2
The r e s u l t i n g  v a lu e  of x o b ta in ed  by f i t t i n g  the neon data  
mentioned above was 0 .6 6 .  This i n d i c a t e s  a h igh  degree  o f  c o n s is t e n c y  
between the  th r ee  experim ents  c o n s id e r e d ,  w i t h in  t h e i r  a s s ig n e d  e r r o r s .
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Tlie phase s h i f t s  o b ta in ed  from the param eters g iv in g  t h i s  optimum v a lu e  
2of X should  t h e r e f o r e  be r e l i a b l e  in  the  low energy r e g io n .  They are in  
good agreement w ith  the t h e o r e t i c a l  v a lu e s  o f  Thomson (1966) e x c ep t  f o r  
the p-wave. I t  i s  s u g g e s te d  by McDowell th a t  an extended  p o la r i s e d  o r b i t a l  
c a l c u l a t i o n ,  which in c lu d e s  exchange p o l a r i z a t i o n  and n o n -a d ia b a t ic  
e f f e c t s ,  w i l l  lead  to  b e t t e r  agreem ent.
The parameter a^^ i s  s im ply  the s c a t t e r i n g  le n g th  and i s  found  
to  be 0 .2 2 .  This agrees  w e l l  w ith  the v a lu e  0 .2 4  o b ta in ed  by O’M alley ,  
but d i s a g r e e s  w ith  the  Thomson p o la r i s e d  o r b i t a l  v a lu e  o f  0 . 3 5 .  McDowell 
p o in t s  out th a t  h i s  v a lu e  i s  determ ined l a r g e l y  by the accu ra te  v ery  low 
energy d i f f u s i o n  c r o s s - s e c t i o n  d a ta  o f  Crompton and R obertson .
V alues o f  the r e a l  p ar t  o f  the  forward s c a t t e r i n g  am plitude can 
be o b ta in ed  from t h i s  phase s h i f t  a n a ly s i s  by means o f  e q u at ion  ( 6 .2 2 ) .
In a d d i t io n ,  the s c a t t e r i n g  le n g th  can be u sed  to  t e s t  the zero -e n e rg y  
form o f  the d i s p e r s io n  r e l a t i o n ,  e q u a t io n  ( 6 .1 5 ) .
2
7 .3 .  The Born exchange am plitude g g ( 0 ,  k )
In t h i s  s e c t i o n  we g iv e  a d e t a i l e d  account o f  the a n a ly s i s
in v o lv e d  in  the  c a l c u l a t i o n  of the  Dorn exchange s c a t t e r i n g  am plitude,
2 2 g ^ (0 ,  k ) ,  f o r  the  e l a s t i c  s c a t t e r i n g  o f  an e l e c t r o n  w ith  energy k a .u .
by the neon atom. In the case  o f  zero  e n ergy , t h i s  a n a ly s i s  i s  a s p e c i a l
case  o f  th a t  f o r  s c a t t e r i n g  by an N -e le c t r o n  atom which i s  d i s c u s s e d  in
Chapter IX.
We c o n s id e r  the neon atom to  have a wave f u n c t io n  which i s  a 
s i n g l e  S l a t e r  determ inant b u i l t  up o f  ten  C le m en ti- ty p e  o n e - e le c t r o n  
o r b i t a l s .  These can be w r i t t e n  as
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2 - ^ r 6 -C  r
= Î  c  ^ + I  d re
k=l k=3
2 -6. r 6 -& r
= I c e  ^ + I  e r e  ^ ( 7 .1 5 )
k = l k=3
, r , 1 d d k ' ( 2 ( ^ ) 3 / :  = k ' ( 2 * k ) ' ' 'where f o r  k = 1, 2: d.------------------------- , e, = ---------------------
r 1 1 C  , ^ . ’ < 26 ,g5 /2
f o r  k = 3 -6 :  d. = ----------    , e, = -------- ------------
 ^ / 9 6 tt .  ^ /96 tt
,  ,  ,  .  ,and f o r  k = 1 -4 :  c, = ---------------------
The c o e f f i c i e n t s  d^  , e^y, c^  ^ and the exponents 5^, are
ta b u la te d  by Clem enti (1965) ( s e e  §7 .6  f o r  a f u r th e r  d i s c u s s i o n  o f  
the neon wave f u n c t i o n ) .
We l a b e l  the o r b i t a l s  in  the f o l lo w in g  manner:
h  “ h s a ’ *2 '  h s B ’ h  " h s a ’ h  = h s B ’
h  “ *2P ]0 ' h  '  hp^a> h  = h p . j ^ a ’ *8 = * 2 p i6 '
'9 hp^ B’ ho '  hp_^B
where a and 6 denote  sp in -u p  and spin-do\<m s t a t e s  r e s p e c t i v e l y .  
Tlie Born exchange am plitude i s  g iv en  by
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!b ( 0 .  i8 )  -  -  ^
“i k . £ .
I  D{^ * (1 )  . . .  * .* (1 1 )  . . .  *, * ( 1 0 ) } e  j 
j es J
(7 .16 )
where th e  p o t e n t i a l  V i s
V = -  -J—  + 1  
11 1=1 k - i l ' l l
( 7 .1 7 )
( se e  f o r  example Burhop ( 1 9 6 1 ) ) .  D denotes  the S l a t e r  determ inant of  
the ten  o r b i t a l s  in  the b ra ck et  f o l l o w i n g  i t .  The s e t  S i s  the  s e t  o f  
sp in -u p  o r b i t a l s  and com prises (#)^ , c{)^ , and The incoming
p a r t i c l e  can o n ly  exchange w ith  one of the same s p in ,  and we suppose  
t h i s  to  be s p in -u p .  We w r i t e
3
g ( 0 ,  k ) = 1 I
k= l
( 7 .1 8 )
where
h  = j h i  • • •  h . i i D t q d )  . . .  * i o ( 1 0 ) }  ( - ^ )
X I D[* * (1 )  . . .  * .* ( 1 1 )  . . .  * , * ( 1 0 ) )  e 
j c s  J '
i k . ( r , , - r . )— —1 1 —j
( 7 .1 9 )
10
. dr^^ D (* ^ ( l) 10 ( 1 0 )}  /  ) t, Ir - r _ ,  j c s  11=1 ' - n —11 1-11 - j
X D{*^*(1) . . .  * .* ( 1 1 )  . . .  * ^ o* (10 )}c
(7 .2 0 )
and
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^3 2TT (h;  ^ . . .  clT^ D{*^(1) . . .  *^q(10) } I  ej ES
I ^ - - - T  D { * i * ( l )  . . .  * .* (1 1 )  . . .  *, * ( 1 0 ) }
i k .  (r^ T - r  . ) 
— —11 —j
(7 .21)
We c o n s id e r  each of  th e se  i n t e g r a l s  in  tu rn .
( i )  We can r e w r ite  e q u a t io n  ( 7 .1 9 )  as
r I dr., . . .  dr
I = -  [     a ( l l ) *  (1) . .
jcs-' ’^ 11 • “f io
i k .  ( Z n - r . )
(10 e  ^ a ( j )
*^(1) . . .  *^(11 ) . . .  *^(10 )
*. (1) . . .  * j ( l l )  . . .  *j(10)
)^q (1) . . .  . . .  *^q (10)
where the  a s t e r i s k  i n d i c a t e s  th a t  the  complex co n ju g a te  o f  each elem ent  
i s  to  be taken and where a ( j )  denotes  the  sp in  of the p a r t i c l e  j .
Now f o r  a n on -zero  c o n t r ib u t io n ,  because  o f  the o r th o g o n a l i t y  o f  the  
s t a t e s  *£ , th e re  i s  o n ly  one s u r v iv in g  term from the  determ in an t,  
namely the product of the d iagon a l  e le m e n ts .  Thus
■1 ■ ;  ,1 .  1 %  ,
dr . i k . ( r  , - r . )
* = ( j )  * ,* ( 1 1 )  e -  - 1 1 - ^
11 J J
For a g iv en  j the  i n t e g r a t io n s  over  _Tj and are se p a r a b le  and so
h  “ f  I x(j) Y(j)
j c s
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( - i k . r ,
where X (j )  = jdj-j c  ^ (r^ ) (7 .2 2 )
I i k . r i i  * . ( r ^ i )
and Y ( j )  = Jdr^^ e ' J —ii— . ( 7 .2 3 )
Now the i n t e g r a l s  X (j )  and Y ( j )  v a n is h  u n le s s  *j has m agnetic  quantum 
number zero  and so  reduces to
= | ( X ( 1 ) Y ( 1 )  + X (3)Y (3) + X (6 )Y (6 ))  . ( 7 .2 4 )
U sin g  the exp an s ion s  ( 7 .1 5 )  f o r  the one e l e c t r o n  o r b i t a l s  we o b ta in  
the  f o l lo w in g  e x p r e s s io n s  fo r  the X and Y fu n c t io n s
2 6 
X ( l )  = f  , 0 )  + 2 1)
k = l  k=3
2 6
Y ( l )  = 2 d K(C , - 1 )  + 2 d K ( C. ,  0)
k =l k=3
2 6
X( 3)  = 2 c K(S , 0 )  + 2 e K(J , 1) 
k=l k=3
Y(3) = I  e K(S - 1 )  + I  e l((5 0)
k =l  k=3
= # J V p ( ' ' k '
I T  r
= - 1 1 4 ; , CkKp(^k' -1 )k=l
I i k . r  ^
where K(X, n) = dr e e r
( 7 .2 5 )
and K (X, n) = -^(K(A , n) )
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V alues o f  the K and i n t e g r a l s  f o r  v a r io u s  v a lu e s  of  n are g iven  in  
Table 7 .1 .  They s a t i s f y  the recu rren ce  r e l a t i o n s
K(A,n) = K^(A, n) = n - l ) (7 .2 6 )
( i i )  In e q u a t io n  ( 7 .2 0 )  we can s e e  th a t  the p o t e n t i a l  p a r t  of the
in teg ra n d  i s  independent of _rj, and so th e re  i s  an e x t e r n a l  f a c t o r
d r . ( r . ) e  
- J  J J
- i k . r . 
 J
th a t  i s ,  o f  X (j )  ( s e e  eq u a t io n  ( 7 .2 2 ) )  and t h i s  i s  zero  u n le s s  
j = 1 ,  3 or 6. Thus we can w r i t e
I
j = l , 3 , 6
( . ] )
Je c o n s id e r  f i r s t  I wiiicli from e q u a t io n  ( 7 .2 0 )  i s  g iv en  by
( 1)
10
2“   ^ drJ dr^^/lO l *^(1) . . .  4^ o(10)e
n=2 •'
i k ( r  ^ - r . )  — — i i  —J
 1_ __1__
T r , - f i T r  /icT:'
* . ( 11) . . .  * . ( 10)
i  : i  !
* . ( 11) . . .  * . ( 10)
* l o ( l )  . . .  * iQ(10)
S in c e ,  f o r  a g iv en  n , on ly  r^ , and r^ are in v o lv e d  in  the  in te g r a n d .
apart from in  the w a v e fu n c t io n s , t h i s  reduces  to
(1) 1 1° I 1 h
h  = -  h n - f r - —-ir- |
n=2 •' ■' '—11 — n '
[ * ^ * ( l l ) * ^ * ( n )  - * g = ( l l )* g ' (n )5 ^ ,
-  1 1 0  -
' Table 7 .1
V alues o f  the  K and K f u n c t io n s
P
n K(A, n) l g ( X ,  n)
- 3 - 4w. A . -1  k.
-  -  k d
-2 - 4 tt ,  Ak . -1  kv
; - 5 V . p - “  ï>
4 t t ■ Sirlc“*1
O d + x h '
0 8ttA 32mkA
(k h x ^ ) ^ C J  + X2)3
1 3tt( 3X  ^ -  i J ) 32wk(k%-5A^)
.
(k^ .  x h W
2 96ttX(X^ -  k^)
( k h x h '
64mkA(15A^-9k^)
(k^+A^)^
3 96TT(k^-10k^xh5X^)
( i J  + x2)S
-
-  I l l
where 6 = 1 i f  * has s p in  a and i s  zero  o th e r w is e .  Thus, i f  wem a n ' -  ’n
d e f in e  the  f u n c t io n s  K and R byn n
I I dr_e
i k .  r^
and , I i k . r  * . ,* (r „ )é  * ( r  )*  (r  )
R ( I s )  = I dr. I dr..en J - I J  - 2  |r^ -  r^l
then
1 10 I  I  =  -  2^ X ( l )  2  K n ( l s )  -  2  R  ( I s )
 ^ n=2 ^ ncS
n? l^
The o th er  two term s, Ig^^^ and are s i m i l a r ,  and we have the
g e n e r a l  r e s u l t
/ • \ 1 _10
K , ( j )  -  I  \ ( j ) ]  . (7 .2 7 )
n=l ncS
By u s in g  the forms f o r  the wave fu n c t io n s  g iv en  in  e q u at ion  ( 7 .1 5 )  we
can e x p r e ss  the  f u n c t io n s  K and R in  terms o f  P i n t e g r a l s ,  which are o f  ' n n .. >
the form
i k . r ■Ar -yR _s t
h,n.W> ’
s and t  b e in g  n o n -n e g a t iv e  in t e g e r s  and the b e in g  s p h e r ic a l  harmonics  
We g iv e  a l i s t  of th e se  P fu n c t io n s  in  Appendix D, where we a l s o  ex p ress  
them in  terms o f  the K and fu n c t io n s  d e f in e d  in  eq u ation  ( 7 .2 5 ) .  We 
t h e r e f o r e  t r e a t  them as knowi f u n c t io n s .
C on sid er in g  f i r s t  the  f u n c t io n  l 2 ^^  ^ we o b ta in
-  1 1 2  -
G^(d, _Ç, £ ,  J )  , say
= 2 d.A '
2 6
2 2
 ^ /  V z  \ £ ^  :=1 £=1
6 2
"  k= l 1=3 \ d  * ^ 3  ^ ^ 3  k h  “k d
" J 3 J 3 V j  W < h ’ “k d
+ 2 d .
j=3  J
2 2 2 6
i l  1 = 1  “k d  "  J 3  J 3  k h  “lcd
" l i s  i l   ^ J 3 J 3 V h  “lcd
where = Ç,^  +
S im i la r ly
K ^ (ls )  = K ^ (ls )  = G^(d_, Ç_, £ ,  £ ,  _f^ )
For i  E [ 5 , 10] ,  v;e have
K . ( l s )  = |dr dR
e'-li-li ,  * ( r ) | * .  ( R ) d
~  h  -  R|
These s i x  terms can be added to g e th e r  by n o t in g  th a t  
[Yi q I  ^ + 2 | y ^^|^ = 3 /4 tt, We o b ta in
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1 0
) , X * ( ls )  =
i=5
471
2 4 4
[k=l j = l  £=1 3  ^  ^ J
6 4 4
+ 2, d^ 2 I  CjC^ P^CCk' Cj +
k=3 j = l  £=1
Ue now c o n s id e r  the R f u n c t i o n s ,  f i r s t  R^Cls)
i k . r
R g ( l s )  = jdr  JdR * * ( r ) e— J y (R )  *3*(R)
8 3 ( 0 ,^ d ,  C^ , e_, £ )
The rem aining th ree  R f u n c t io n s  can be added t o g e t h e r .
i k . r
7 7 I
2 R . ( l s )  = 2 dr
 ^ i=5 J Ji=5
dR
*^*(R)e , .* (r )* ^ (R )
 ^ Gg’ U ,  £ ,  £ ,  c, 0  , say
i l  , i i  i i  J i ' d
■ i s  j L  •
These are a l l  the  fu n c t io n s  we need to  e v a lu a te  The
(3)i n t e g r a l s  in v o lv e d  in  (K^(2s) and R^(2s) can be w r i t t e n  dowi in  an
analogous way. They are:
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K^(2s) = KgCZs) = G^(e, _6, d ,  K, d, O
K^(2s) = G^(e, _6, e ,  e ,  J )
10
I  K. (2 s )  = G ( e ,  c ,  _C,. c ,  rj 
i=5
R^( 2s )  = G^(^,  _6, 6,  cl, Ç)
2 R^(2s) G g (e ,^ c^ , _4, _ç) .
i=5
The rem aining case  i s  Ue have
9 ik * £  
4 v * ( r ) | * . ( R ) | ^ e  
dR -----------K^(2p) = Jdr
^4^—» jd, O
4
. 2 
1=1
2 2
k = l j = l
^ 2" i  c^d^d + Cj)
k=3 j = l  J
 ^ i j  j^ 3  “ A h  + S j )
S im i la r ly  K^(2p) = K^(2p) = G^(_c, ç_, £ ,  _ô, e_, ^)  
A lso
R^(2p) = G^(d, £ ,  c ,  d, O
° i i  + S j )
-  ^ 3  h e A >  U  ^
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2  6
k=l !"  ^ d
and R^(2p) = G^  (£ ,  *5 , _c, r, , e_, 4) .
Tlie rem aining i n t e g r a l s  can he combined ( s e e  eq u a t io n s  D4 and D5) 
and we o b ta in  the  e x p r e s s io n s
10 4 4 4
i s  h V J i i A ’ w
4 4 4
R (2p) + Ry(2p) = 2 2 2 c . c  c P ( c . ,  C + -
 ^ k=l £=1 j = l  J  ^ 1  ^ J
We have now co n s id er e d  a l l  the  f u n c t io n s  n e c e s s a r y  to  e v a lu a te
2the second terrii in  the  expansion  ( 7 .1 7 )  f o r  g p (0 ,  k ) .
( i i i )  We n e x t  c o n s id e r  tlie t h ir d  i n t e g r a l ,  I^ ,  which c o n tr ib u te s  to  ■ 
2
g ^ (0 ,  k*");' i t  i s  g iv en  by e q u a t io n  ( 7 . 2 1 ) .  We have
, dm, -  dr^i Ik .X r^ T -r .)
1 r I ' l  —11 — l l - - j  \
27  J p — - - I  e *1 U )  . . 10 ( 10)
*^(1) . . .  *^(11) . . .  *^(10)
* j  ( 1 )
10 ( 1)
. ( 10)
. . .   ^ * io (1 0 )
— 116 —
Now f o r  a g iv en  j on ly  r  ^ and are in v o lv e d  in  the in teg ra n d  apart
from in  the wave f u n c t i o n ,  and s o ,  because  of the o r th o g o n a l i t y  o f  the  
one e l e c t r o n  fu n c t io n s  ^ t h e r e  i s  o n ly  one n o n -v a n ish in g  terra in  the  
d eterm in an t.  Thus
, ,  % - V u - p )
h  “ ■ 27  \  J k i i  TrV-VVI  * j ( j ) 4 * ( l l )  ( 7 .2 8 )
J t-S J -T1 ' ''
•- 1 s a y ,
jES
where j takes  the  v a lu e s  1 , 3 , 5 ,  6 and 7. I f  we d e f in e  the  fu n c t io n  
h) by
M(A,  Vi) =
i k .  (r  -  R)( — — — —Ar—pR
dr |dR   TTZTR-r-----------  ( 7 .2 9 )
and use  the e x p r e s s io n s  ( 7 .1 5 )  f o r  the  o n e - e l e c t r o n  o r b i t a l s  4^»
we can w r i t e  I^^^^ in  the form
3 '  -  ^  i l  i l  ^ i ,  i 3  V j  h )
^ i  J  k h   ^ k=3 j= 3  7k=3 1=1
Tlie i n t e g r a l  M i s  r a th e r  com p lica ted  but was e v a lu a te d  by Bransden e t  
a l .  (1954) and d e t a i l s  of  the  a n a ly s i s  are g iv en  in  Appendix B. The 
r e s u l t  o b ta in ed  i s
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M(A, w ) ---------
k(A^ -  y ) L aW  y^+k^
4yA . -1  A -1  pv
- J - ^ ( . ta n  j- -  tan  ^
A —y
(7 .31)
Tlie d e r iv a t i v e  o f  M(A, y) w ith  r e s p e c t  to  A, M^^^(A, y) i s  thus g iven
by
, )  =  k------------------:------- 4 X _ \--------------------------- 2Xpk
( a W f ( x V ) "  ( A k b ( x V ) '  ( x W ) k x V ) '
"  ( M a X v  ■ ' ^ k > ( (1 -  - T p ) )  •
( 7 .3 2 )
S in ce  N(A, y) i s  symmetric in  A and y , i s  ob ta in ed
by in te r c h a n g in g  A and y in  t h i s  l a s t  e q u a t io n .  A lso ,  by d i f f e r e n t i a t i n g  
the f u n c t io n  M^^^(A, y) w ith  r e s p e c t  to  y , we o b ta in  the  fu n c t io n  (A, y)
64tt^  ( 2(5A^+5y^+38A^y^),^ -1  A _ -1  y,----  —  -----------c— (tan  ; tan *-)
4k . Ii(y^+5A^) A(A^+5y2) .
V o  o  o n  /
( 7 .3 3 )
(X^-a^) ( p k l J )  (X^+lJ)
, ■ , p ( 3 x k p 3 )  _ x ( 3 | j k x 3 )
( p k k b '  ■ ( x W ) 2  .
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The e x p r e s s io n s  ( 7 . 3 1 ) ,  ( 7 .3 2 )  and ( 7 .3 3 )  are v a l i d  f o r  A 4^ y. 
IHien A and y are equal i t  i s  n e c e s s a r y  to  expand t h e se  e x p r e s s io n s  in
9 2
powers of (AT -  y ) and take the l i m i t  A -> y . We u se  the r e s u l t s
— 1 — 1 — 1 A —
tan A -  tan B = tan (^B"+"l^
and
- 1  x^ x^ 7tan X = X   ^ + 0 (x  )
and then a f t e r  a c o n s id e r a b le  amount o f  s tr a ig h t fo r w a r d  but te d io u s  
a n a l y s i s  we o b ta in
M(X.X)
3(k^+A^)^
M^^)(A,A) = — 7 - ^ — y-m L-9k^^-55k''^A^-138k^A^-222k^A^-205k^A^-75A^°]  
2A4(k"+A^)
(7 .3 4 )
and
M (A,A) = — — ^ [ 9 iA 4 6 a\ ^ +  a\ ' ^ + 8 2 A V + 9 9 A ^ J
3A^(k"+A^)^ ^
I t  was a t  t h i s  p o in t  th a t  an e r ro r  in  the h e lium  work of  
Bransden and McDowell (1969) a r o s e .  The order o f  l i m i t - t a k i n g  and
9
d i f f e r e n t i a t i o n  was r e v e r s e d  and M. (A, A) was taken to  be .
3A
I t  i s  e a s i l y  seen  th a t  t h i s  i s  in c o r r e c t  and n o t  the same as 
1im ( A, y ) .
. (1) .We can thus e v a lu a te  the f u n c t io n  , g iv en  by eq u at ion  ( 7 .3 0 ) .
(3)The second term which c o n tr ib u te s  to  I^ i s  Ig . The a n a ly s i s  i s  e x a c t l y  
p a r a l l e l  to  th a t  d e s c r ib e d  above f o r  Ig^^^ w ith  the c o n s ta n ts  d^ and 
which appear in  ( 7 .3 0 )  r e p la c e d  by e^  ^ and 6^  ^ r e s p e c t i v e l y .
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The f u n c t io n  i s  g iv en  by
i_h. ( £ i “£ o )
E T i r
1 4 4
T  J -  .2  6-)
k= l j = l  J ''
where
wi th
N(X. u) = |clr Iclr,  ----------p ' ' -  .  | ---------  ' ^ 1 0 * V ‘
J I—I  —2 '
Now i t  i s  e a s i l y  seen  th a t
M  ilC P  J ) - h - Z . )  .  (7 .3 5 )
2 tt J  p  I 1  ^ 2 1
and thus
] , " k , | .  i ( k + £ ) . r  -Xr^ _ ^  ^ , - i ( k + £ ) . rc'p ! _ ___ ___
N(X,p)  = - ^ 1  — (Idr^e c " Y^g*( î p  ( I  J p e  e ^^Y^^Cr^))
2ir •' p ■' J
(7 .3 6 )
i_k._r «> a
But e = 4tt 2 2 j (kr)Y *(k)Y (r)  , and h en ce ,  on p u t t in g
a a3 —  a3 —a=0 S=-a
_k + j> = ÎÇ and c a r ry in g  out the angular i n t e g r a t io n  over  we o b ta in  f o r  
the _r  ^ i n t e g r a l  in v o lv e d  in  N(A, y) the r e s u l t
• i G + M - Z i  2
JdTj^c e y 10* A )  = 4wY^0*(K)ij e j^ (k r^ )dr^
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where j  ^ i s  the s p h e r ic a l  B e s s e l  f u n c t io n  of  order one. S ince
9
j^ (k r )  = ( s in k r  -  krcos  k r ) / ( k r ) ‘" t h i s  r a d ia l  i n t e g r a l  has the  v a lu e
2 2 22k/(A  +k ) . A s im i la r  r e s u l t  i s  o b ta in ed  from the r^ i n t e g r a t io n  in
eq u at ion  (7 .3 6 )  and thus  
N(A,  y) = 32
d£ Y ,p ( K )  Y ^pK )W
But J2 “ i l  “ Jif E^id s o ,  c h oos in g  the axes so th a t  k l i e s  a long  the l i n e  
= 0 ,  we have
.............................f -  , 2r s in8K d8K ^]o*( Ç)Y io (Ç )N(A,y) = 32  r--p-r----r----p -r  d
0 (A^+k2)2(p2+k2)2 Jq Jq kT lX -2K k c o s 8^ ,
Now ^20^—^  ~ cosO^ and s o ,  making the s u b s t i t u t i o n  x = cos8^ , the
angular  p a r t  of N(A,y) i s
3 i ^  d x
^^-1 (k^+K^-2K kx)
Tliat i s .
rA .rr A 2
N ( X . l i )  =  A S  I ,  ' I h  2 2   ^ — A A -------  • ( 7 , 3 7 )
0 (Kh+A-)"(K +y ) -  -'-1 ( ir + k  -2Kkx)
We now turn to  the rem aining f u n c t i o n s ,  and Ig^^^ which
c o n tr ib u te  to I . . .  From eq u a t io n s  ( 7 .2 8 )  and ( 7 .1 5 )  we o b ta in
13^3) i £ )  = -  £  I  j  c , p M 3 ( p .  Ç )
k=l J=1
3^N (A, y)
where M-(A, y) =  r-p-  ( 7 .3 8 )
J  rj A a y
w ith
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Ng(A, y) = Jd£^
iJ i - (Z r Z 2 )  _xr _ p r ,
‘' -2  |r  - r  I “ ®—i  —z
This f u n c t io n  can be s i m p l i f i e d  by f o l lo w in g  through the  
method j u s t  d e s c r ib e d  f o r  N, to  g iv e
(1 -x  )dx
(K^+k^-ZK kx)
By comparison w ith  e q u a t io n  ( 7 .3 7 )  we se e  th a t
N .(X , |j) = 24 I ' ■ '/ V ' l  ■ '2 2 i — 5— m -----------------5N(X, p)
•'0 (K +X^)'^(K +y ) J-1  (K^+k'“-2K kx)
The c o n t r ib u t io n  to  from the th ree  terms and
(7)I 2 i s  th e r e f o r e  g iv e n  by
(A)
3 Y
( 7 .3 9 )
where
( 7 .4 0 )
rAand W (A, y) = N(A, y) + 2Nh(A, y )
That i s
N^(A, y ) = 48 K^dK9 9 9 9 7 9  9 9
0 (K +A“ )^(K +y ) J - l  (K +k‘--2K kx)
dx
The i n t e g r a t io n  over x i s  now t r i v i a l  and we o b ta in  as the  f i n a l  
e x p r e s s io n  f o r  N^(A, y ) .
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t d ( x ,  p) = - ^ l o s l ^ l  • ( 7 . 4 1 )0 (k3+x7)2^ j.2 ^ ^ 2 P  ' *< 1<
Tlie fu n c t io n  i d ( X, p) g iv e n  by e q u a t io n s  ( 7 .4 0 )  and ( 7 .4 1 )
can be e v a lu a te d  n u m e r ic a l ly  by u s in g  G auss-Laguérre and K r i lo v  q u ad ra tu res ,  
and d e t a i l s  are g iv en  in  Appendix C. Thus we can e v a lu a te  the  f i n a l  
c o n t r ib u t io n  to  I g ,  namely g iv en  by e q u a t io n  ( 7 . 3 9 ) ,
This com pletes  the a n a ly s i s  in v o lv e d  in  the c a l c u l a t i o n  of the
2 2 Born exchange am p litu d e , g ^ (0 , k ) f o r  n o n -zero  en ergy , k .
7 .4 .  The S p e c ia l  Case of Zero Knergy
2In the c a se  o f  zero  energy (k = 0) f o r  the incoming e l e c t r o n ,
many of  the i n t e g r a l s  and f u n c t io n s  in v o lv e d  in  the  c a l c u l a t i o n  of the
2Born exchange am plitude , g g (0 ,  k ) ,  s im p l i f y .  I t  can be seen  from
Table 7 .1  th a t  each of the K fu n c t io n s  v a n is h e s  w h i l s t  the K fu n c t io n s
P
r e m a i n  n o n - z e r o .  T h u s  s e v e r a l  o f  t h e  P  f u n c t i o n s ,  n a m e l y ,  P g ,  P ^ ^ ,
^11* ^12’ ^13* ^14’ ^15* ^16 ^17 z e r o ,  and the o th e r s  are much
s im p le r .  A lso  X(6) and Y (6 ) ,  d e f in e d  by eq u a t io n s  ( 7 .2 2 )  and (7 .2 3 )
v a n i s h . T h er e fo re ,  both  I^ and I^ s im p l i f y  c o n s id e r a b ly  s in c e  they  are
composed e n t i r e l y  of X, Y and P f u n c t i o n s .
IJe have in  eq u a t io n s  ( 7 . 3 1 ) ,  ( 7 .3 2 )  and ( 7 .3 3 )  e x p r e s s io n s  f o r  the
fu n c t io n s  M, and ( fo r  A  ^ y) which are in v o lv e d  in  the term I^/^^
2of the Born exchange am plitude. We cannot put k equal to  zero  in  th e se  
e q u a t io n s  im m ed ia te ly ,  but by expanding in  powers of k and ta k in g  the  
l i m i t  as k ^ 0 we e a s i l y  o b ta in  the requ ired  r e s u l t s  ( s e e  a l s o  Chapter IX).
For A = y the r e s u l t s  f o r  the l i m i t i n g  case  are obvious from eq u ation s  ( 7 .3 4 )  
The rem aining f u n c t io n  we need to  c o n s id e r  i s  M^(A, y ) ( s e e  
e q u a t io n  ( 7 . 3 9 ) ) .  I t  i s  r e la t e d  to  the  f u n c t io n  (which i s  g iv en  by
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2e q u at ion  ( 7 .4 1 ) )  by e q u a t io n  ( 7 . 4 0 ) .  We can take the  l i m i t  as k tends  
to zero  in  e q u a t io n  ( 7 .4 1 )  i f  we expand the lo g a r i th m ic  term, and we 
o b ta in
1^ r2
W^(A, y) = lim  N^(A, y) = 9 6 1
This i n t e g r a l  i s  a n a l y t i c  and can be e v a lu a te d  by in t e g r a t in g  round a 
s u f f i c i e n t l y  la r g e  s e m i - c i r c u la r  contour in  the p o s i t i v e  im aginary p lane  
w ith  c e n tr e  a t  tlie o r i g i n .  I n s id e  t h i s  contour , th e re  are double p o le s  
a t  the p o in t s  K = Ai and K = y i .  The r e s id u e s  a t  th e se  p o le s  are  
e a s i l y  found to  be
i (y ^  + 3%2) i(%2 + 3y2)
9 9 1 9 9 9
4A(i.r-A ) 4y(A"-y )
r e s p e c t i v e l y .  T h erefore  by the Residue Theorem,
N h x .  y) = 3 4 .V'v, H/ 9
Ay(A+y)
and by e q u a t io n  ( 7 .4 0 )
l im  mM a, m) = A .
k2->0 7 PXX+P)
The v a lu e  of the Corn exchange s c a t t e r i n g  am plitude a t  zero  
energy i s  th e r e fo r e  found by the methods o f  the  p r e v io u s  s e c t i o n ,  § 7 .3 ,  
w ith  the s im p l ic a t io n s  mentioned above.
27 .5 .  The Corn D ir e c t  S c a t t e r in g  Amplitude f ^ ( 0 ,  k )
In t h i s  s e c t i o n  we d i s c u s s  the  Born approxim ation to  t h e  d i r e c t  
p a rt  o f  the forward s c a t t e r i n g  am plitude f o r  e l a s t i c  e le c tr o n -n e o n  
c o l l i s i o n s .  This i s  g iv e n  by
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f g ( O . k - )  = 2J k i - " d Z i i  D { * p i )
where D d en otes  the S l a t e r  determ in ant of the o n e - e l e c t r o n  o r b i t a l s
( i  = 1 -10)  which are g iv en  by eq u a t io n  ( 7 . 1 5 ) .  The p o t e n t i a l  i s  d e f in e d  
in  e q u at ion  ( 7 .1 7 )  and can be w r i t t e n  as
. 10
i = l  ' - i ”- l l *  ^11
-)
Then, s in c e  the o r b i t a l s  are o r th o g o n a l ,  we have
i^(0,k ) -
10
2 Ï  J ,  
1 =  1
drq . d r i i * p r p * g ( r p  ( j- -  )
' —  1 —11 ' —11
where the summation i s  over  the s t a t e s
Mow by u s in g  the expansion  ( 2 .1 )  i t  can be shown th a t
d r ,  1 (-
11
T h erefore
9 1 1° ' ? 9 ] 10
fg/ 0 ,k ) = 2  ) ldr|*.(r)| r = 3  / ,
 ^ i = l  J  ^ i = l  1
where F^ 2 1 12 . d_r r |*^(_r)| . The i n t e g r a l s  F^ can be e v a lu a te d  by u s in g
eq u a t io n  ( 7 . 1 5 ) .  For i  = 1, we have
2 2 - ( C ,+ C ,) r 2 6
clr r 3 (  ) y d, d . e ^  ^ + 2r > f d -d .
-  l i i  j : i  1' -1 k h  j=3 j
- (S k + S j ) r
6 6 - (S k + S j ) r  ^
e )
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Now n - a r  , 4n^n+2)J ,r e  dr =  »—  and thus— n+3
1 = 4« (24  [  J
2 2 d, d.
J
k=l j= I  + Cj)
+ 240 2 2
2 6 d^d.
• 1
6 6 
+ 720 2 2
k= l j= 3  (Ç, + Çj) k=3 j= 3  (Ç^+Çj) t ) '
C le a r ly  and = F^; F^ i s  o b ta in ed  from F^ by r e p la c in g  the
c o n s ta n ts  d^ _, d^, and by e^ , e . ,  6^ and r e s p e c t i v e l y .  The 
rem aining i n t e g r a l s  F^ can be summed and we have
2 I \  = 2 dr r I  I  c c e  ' r  [  |Y (Î )  | + 2 |Y ^ i ( r ) |  J.
i=5 J k= l <>=1
10 , , , 4 4
. 1 , h - i K' A V k1=5 •' k=l =1
6 . f  i  c^ c ,720
4^ 2 1
k= l f=I
Hie f i n a l  r e s u l t  f o r  the  d i r e c t  s c a t t e r i n g  am plitude i s  then
k= l j = l  (Ç^+Çj) (d^+dj)
+ 240 [  [  (■
2 6 d, d . e, e .
k J , .  k
6 . ,6
k= l j= 3  (C^+Cj) (5^+6j)
6 6 d, d.
+ 720 [  I  (— ^  +
( 7 .4 2 )
4 4
k=3 j = 3 (C%+Cj)
2 2
I t  can be seen  th a t  f _ ( 0 ,  k ) i s  independent o f  the energy k .
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Table 7 .2
Tbe param eters in  the Ne ground s t a t e  w avefu n ct ion
Type k f k Type j k
0 ) d e m e n t i  6 - s t a t e
Is 1 9 .5735 0 .9309 - 0 .2 3 1 7 2p 1 .4700 0 .2 2 4 3
Is 2 15 .4496 0 .0 4 6 1 -0 .0 0 4 4 2p 2 .3717 0 .5 1 8 3
2s 3 1 .9550 -0 .0 0 0 9 0 .1 8 2 0 2p 4.4545 0 .3390
2s 4 2 .8462 0 .0 0 3 2 0 .6 6 1 1 2p 9 .4550 0 .0177
2s 5 4 .7 7 4 6 - 0 .0 0 1 8 0 .3 2 3 7
2s 6 7 .7131 0 .0 3 5 4 - 0 .1 4 2 4
0 0 d e m e n t i  5 - s t a t e
-
Is 1 9 .0 6 7 0 0 .9447 - 0 .1 6 4 6 2p 2 .3717 0 .5 1 8 3
Is 2 14 .0938 0 .0 8 6 6 - 0 .0 5 0 2 2p 4 .4545 0 .3 3 9 0
2s 3 3.8312 0 .0056 0 .5 3 1 3 2p 1 .4700 0 .2 2 4 3
2s 4 9 .7569 -0 .0 3 1 5  • - 0 .1 0 2 2 2p 9 .4550 0 .0 1 7 7
2s 5 2 .3 4 9 8 -0 .0 0 0 9 0 .5 6 8 8
(c) Weber e t  a l .
I s 1 14 .2938 0 .0 8088 -0 .0 0 6 8 5 2p 9 .4550 0 .0 1 7 0
Is 2 8 .0964 1 .12920 - 0 .2 9 1 1 7 2p 4 .5545 0 .3236
2s 3 8 .7569 -0 .2 3 4 7 4 0 .00215 2p 2 .3217 0 .6 0 4 0
2s 4 3 .4312 - 0 .78810 2p 1 .3052 0 .1566
2s 5 1 .9656 - 0 .3 1 1 7 3
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7 .6 ,  R e s u lts  fo r  the P om  s c a t t e r i n g  am plitudes
(a) f ^ ( 0 ,  k^) = fg
The Born approxim ation to  the  d i r e c t  s c a t t e r i n g  am plitude , as 
g iv en  in  e q u a t io n  ( 7 . 4 2 ) ,  was e v a lu a te d  u s in g  the  Clem enti w a v efu n ction  
which i s  g iv e n  in  eq u a t io n  ( 7 . 1 5 ) .  The v a lu e s  o f  the c o n s ta n ts  d^,
^k* ^k’ ^k’ '^ k ^k shown in  Table 7 .2 ;  we s h a l l  r e f e r  to  t h i s  
w a v e fu n c t io n  as the  Clem enti 6 - s t a t e  w a v e fu n c t io n .  I t  i s  o b ta in ed  by 
Clementi who u se s  the R oothaan-H artree-Fock method, which i s  d i s c u s s e d  
in  d e t a i l  by Roothaan and Bagus (1 9 6 3 ) .  Clementi a l s o  g iv e s  a d i f f e r e n t  
w a v efu n ct io n  in  which each o f  the I s  and 2s o r b i t a l s  in v o lv e s  o n ly  f i v e  
exponents  and f i v e  c o e f f i c i e n t s .  We have c a lc u la t e d  f^ u s in g  t h i s  
Clementi 5 - s t a t e  w a v e fu n c t io n . .  The r e s u l t s  o b ta in ed  f o r  f^ from th e se  
two typ es  o f  w a v efu n ct io n  were r e s p e c t i v e l y  3 .125  and 3 .1 2 3 .
R e c e n t ly ,  Weber e t  a l .  (1 9 7 0 ) ,  w h i l s t  m a in ta in in g  th e  Clementi  
form o f  w a v efu n ct io n  ( s e e  e q u a t io n  ( 7 . 1 5 ) ) ,  have p la c e d  c o n s t r a in t s  on 
i t s  beh av iou r  a t  r = 0 a:nd r = F i r s t ,  the lo n g -ra n g e  behaviour  i s
fo rc e d  so  th a t  each o r b i t a l  d ie s  o f f  e x p o n e n t ia l ly  accord in g  to  i t s  own 
o r b i t a l  energy e^ . In the  Roothaan and Bagus (1963) c a l c u l a t i o n s ,  
f o r  atoms w ith  o n ly  s e l e c t r o n s  the o r b i t a l s  had the  as^mrptotic form
(f)^^ r . (7 .4 3 )
I f ,  however, p and d e l e c t r o n s  were p r e s e n t ,  th e  a sy m p to t ic  form was
- / - 2 e r
à . ro e 
1
where was the minimum o f  a l l  the o r b i t a l  e n e r g ie s  of  the  e le c t r o n s  
p r e s e n t .  That i s ,  f o r  neon, the I s ,  2s and 2p o r b i t a l s  d ie  o f f  w ith  the  
same e x p o n e n t ia l  b e h a v io u r .  Weber e t  a l .  s u g g e s t  th a t  t h i s  i s  a 
m athem atica l anomaly of the  TIartree-Fock method and they  e n fo r c e  the  form
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(7 .4 3 )  fo r  each o f  the  o r b i t a l s .  Second ly , they r e q u ir e  the  o r b i t a l s
to s a t i s f y  the n u c le a r  cusp c o n d i t io n  f o r  sm a ll  r .  That i s ,  i f
24>^(r) = a^ + a^r + a^r + . . .  , then a^ = -za^  f o r  s fu n c t io n s  and 
a^ = 0 ,  a^ = - | ( z a ^ )  fo r  p f u n c t i o n s .  Weber e t  a l . have imposed both  
th e se  c o n s t r a in t s  and r e c a lc u la t e d  the  H artree-Fock o r b i t a l s .  They 
thus o b ta in  w a v efu n ct io n s  which should  be more accu ra te  than the  Clementi  
ones a t  both sm all  and la r g e  v a lu e s  of r .
A p o in t  to  n o te  i s  th a t  the standard  Is  o r b i t a l s ,  as rep orted  
by C lem en ti ,  have r a d ia l  n o d es .  H iese  'sp u r iou s*  nodes do n o t  appear,
however, in  the o r b i t a l s  o f  Weber e t  a l .
The v a lu e  of the Born d i r e c t  s c a t t e r i n g  am plitude , f ^ ,  which
we ob ta in ed  by u s in g  the Weber e t  a l .  o r b i t a l s  was 3 .1 3 3 ,  which d i f f e r s
from the Clementi v a lu e  by l e s s  than 1%. We conclude t h e r e fo r e  
th a t  f g i s  r e l a t i v e l y  i n s e n s i t i v e  to  the neon ground s t a t e  w avefu n ction  
employed.
f g can be c a lc u la t e d  in  an a l t e r n a t i v e  way in v o lv in g  the atomic  
form f a c t o r ,  F (K ), which i s  d e f in e d  by e q u a t io n  ( 7 . 1 ) .  For e l a s t i c  
s c a t t e r i n g ,  f^  i s  g iv en  by
f  (0 , l 8 )  = lim  2 |z -  F 0 0  I 
I<2
where i s  the momentum t r a n s f e r  ( c . f .  e q u a t io n  ( 7 . 3 ) ) .  By expanding  
F (K) in  powers o f  the momentum t r a n s f e r ,
F(K) = Z + a^K  ^ + auK^ + . . .
and u s in g  the  r e s u l t s  o f  P e ix o to  e t  a l .  (1969) McDowell has o b ta in ed  
the v a lu e  3 .324  f o r  the Born d i r e c t  s c a t t e r i n g  am plitude . This d i f f e r s
from our e a r l i e r  v a lu e s  by about 5%.
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(b) 8 g (0 ,  k^)
We have c a lc u la t e d  the Born exchange s c a t t e r i n g  am plitude ,
2g g (0 ,  k ) ,  u s in g  each of the  Clementi 5 - s t a t e ,  the  Clem enti 6 - s t a t e
and the  Weber e t  a l .  w a v e fu n c t io n s .  Our r e s u l t s  are shown in  Table 7 .3 .
2We can s e e  th a t  f o r  zero  k , the th ree  w a v efu n ct io n s  y i e l d  v a lu e s  of  
g^ (0 , 0) which d i f f e r  by as much as 6%. Tliis i n d i c a t e s  th a t  g^ i s  much 
more s e n s i t i v e  to the neon ground s t a t e  w avefu n ct ion  than i s  f
(c )  The d i s p e r s io n  r e l a t i o n
Our aim i s  to  t e s t  the  v a l i d i t y  o f  the  d i s p e r s io n  r e l a t i o n  f o r  
neon and we s h a l l  c o n s id e r  the  s p e c i a l  ca se  of zero  en ergy , f o r  which  
e q u a t io n  ( 6 .1 5 )  i s  the  p o s t u la t e d  d i s p e r s io n  r e l a t i o n .  To e v a lu a te  the  
in t e g r a l  on the  r i g h t  hand s id e  we r e q u ir e  the  t o t a l  c r o s s - s e c t i o n ,
Qtot* a l l  e n e r g ie s .  At low e n e r g ie s ,  the  exp er im en ta l  da ta  o f  Salop  
and Nakano (1970) i s  a v a i l a b l e ,  and in  §7.1  we have d e r iv e d  a h igh  .energy 
form f o r  ( s e e  e q u a t io n  ( 7 . 1 4 ) ) .  In the  in te r m e d ia te  energy range
i t  i s  n e c e s s a r y  to  i n t e r p o l a t e .  Bransden has e v a lu a te d  the  i n t e g r a l
0
and o b ta in ed  the v a lu e  4 .1 1 5 .  Thus, the  d i s p e r s io n  r e l a t i o n  (6 .1 5 )  
reduces  to
-A = f g  -  g g (0 ,  0) + 4 .1 1 5  . ' ( 7 .4 5 )
In h i s  phase s h i f t  a n a l y s i s ,  McDowell has p r e d ic te d  the  s c a t t e r i n g  le n g th  
A, to  be 0 .2 2  ( s e c  § 7 .2 ) .  A lso  the most a ccu ra te  v a lu e  of the  Born 
d i r e c t  s c a t t e r i n g  am p litu d e , f ^ ,  i s  3 .3 2 4 ,  and so we have
g (0 ,  0) = 7 .659
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Table 7 .3
V alues  of 8 „ (0 ,  k^)
Energy Clementi Clementi Weber2
k a .u . 5 - s  t a t e 6 - s t a t e e t  a l .
0 . 0 5 .0 1 8 5 .1 2 0 5 .3 2 1
0 .1 5 .2 9 3 5 .3 6 8 5 .5 4 3
0 .2 5 .4 0 6 5 .4 6 1 5 .6 0 8
0 .5 5 .3 8 6 5 .4 0 3 5 .4 5 6
1 .0 4 .8 5 4 4 .8 5 0 4 .8 2 3
2 .0 3 .664 3 .6 6 0 3 .629
5 .0 1 .836 1 .837 1.845
1 0 .0 0 .9 7 3 0 0 .9 7 3 4 0 .9 7 2 3
2 0 .0 0 .5 4 6 2 0 .5465 0 .5 4 4 3
1 00 .0 0 .0682 0 .0682 0 .0672
1000 .0 -0 .0 0 8 0 8 -0 .0 0 8 0 8 -0 .0 0 8 5 8
Tills compares w i th  our b e s t  v a lu e  f o r  g g (0 ,  0) o f  5 .3 2 .  Thus we have  
a d e f i n i t e  d is c r e p a n c y .
There are two c o n c lu s io n s  which can be drawn a t  t h i s  p o i n t .
E ith e r  the c o n je c tu r e d  d i s p e r s io n  r e l a t i o n  i s  n o t  v a l i d ,  o r ,  th e re  are  
e r ro r s  in  our c a l c u l a t i o n s  o f  the  q u a n t i t i e s  in  th e  d i s p e r s io n  r e l a t i o n .
We s h a l l  now i n v e s t i g a t e  more c l o s e l y  t h i s  second p o s s i b i l i t y .
There are two im portant sou rces  o f  e r ro r  in  our c a l c u l a t i o n s ,  
as we have d i s c u s s e d  in  § 6 .4 .  F i r s t ,  th ere  are u n c e r t a i n t i e s  in  the t o t a l  
c r o s s - s e c t i o n  because  o f  the la ck  o f  exp er im en ta l  measurements, and
the r e s u l t i n g  i n t e r p o l a t i o n  in  the in te r m e d ia te  energy range . Bransden 
p r e d ic t s  a v a lu e  o f  3 .4  f o r  a t  100 eV which may be compared w ith  the
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Normand (1930) exp er im en ta l  v a lu e  o f  2 .7 5 .  I f  t h i s  l a t t e r  s e t  o f  d a ta  
i s  c o r r e c t ,  then our adopted v a lu e s  o f  (which should  be c o r r e c t  by-
e n e r g ie s  as h igh  as 300 eV) should  be reduced in  the  energy range 100 to  
300 eV. This im p l ie s  a c o r r e c t io n  to the i n t e g r a l  in  th e  d i s p e r s io n  
r e l a t i o n  of
, 2 1 . 0
I SQ(x)d:c -  . 0 .5) -  1 .2  .
J7. 0
That i s ,  the i n t e g r a l  ( 7 .4 4 )  becomes
j ;  . 2j -  « 0 ( x ) )  dx ^  2 .9 8  .
Equation ( 7 .4 5 )  would then y i e l d  a v a lu e  f o r  g p (0 ,  0) of  6 .4 5 9 .
Tlie second sou rce  o f  error  i s  in  the  c h o ic e  of the  neon ground-  
s t a t e  w a v e fu n c t io n .  We have a lrea d y  noted  th a t  the exchange am plitude  
i s  v e r y  s e n s i t i v e  to  the form of w avefu n ct ion  chosen , and i t  cou ld  be th a t  
the  Clem enti and Weber e t  a l .  f u n c t io n s  are n o t  a ccu ra te  enough. These 
l la r tre e -F o ck  w a v efu n ct io n s  do n o t  in c lu d e  c o r r e l a t i o n  e f f e c t s  a t  low 
e n e r g ie s .  To i n v e s t i g a t e  the im portance of t h i s ,  we s h a l l  now r e c a l c u la t e  
the horn exchange s c a t t e r i n g  am plitude a t  zero  energy u s in g  a h ig h ly  
c o r r e la t e d  c o n f ig u r a t io n  i n t e r a c t i o n  w a v efu n ct io n .
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CHAPTER V III
ACCURATT': WAVEFUNCTI QMS
8 .1 .  The C o n fig u ra tio n  I n t e r a c t io n  W avefunction
In the i la r tre e  s e l f - c o n s i s t e n t  f i e l d  method of s o l u t i o n  of the  
SchrBdinger eq u at ion  f o r  an W -electron  atom the w avefu n ct ion  i s  a product  
of N o n e - e l e c t r o n  o r b i t a l s ;  th ere  i s  no c o r r e l a t i o n  between the m otion of  
in d iv id u a l  e l e c t r o n s .  The H artree-Fock method improves on t h i s  by having  
an antisym m etr ised  d e term in a n ta l  w a v e fu n c t io n ,  which in tr o d u c e s  a type o f  
c o r r e l a t i o n  between e le c t r o n s  of  the same sp in :  no two e le c t r o n s  o f  the
same s p in  can occupy the same p o in t  of s p a c e .  For a l o t  of  s i t u a t i o n s  
t h i s  i s  s u f f i c i e n t ,  but th ere  are c a se s  where i t  i s  n o t ,  and we then have  
the c o n f ig u r a t io n  i n t e r a c t i o n  (Cl) approach. We s t a r t  w ith  a com plete  
s e t  o f  o n e - e l e c t r o n  o r b i t a l s  and from them form a l l  p o s s i b l e  d eterm in an ta l  
f u n c t io n s  of order  N. H iis  g iv e s  us a com plete  s e t  of f u n c t io n s  in  terms 
of which we can expand any a n t i-sy m m etr ized  e ig e n f u n c t io n  of  the system .
By in c lu d in g  s u f f i c i e n t  c o n f ig u r a t io n s  we would o b ta in  the  e x a c t  w avefu n ct ion  
f o r  the system .
The w a v efu n ct io n  f o r  an N - e le c t r o n  atom can thus be w r i t t e n  in  the
form
Mo
Y' = y c .Y . ( 8 .1 )
j h  : :
where the are the  e ig e n f u n c t io n s  f o r  p o s s i b l e  c o n f ig u r a t io n s  of the
atom, and the Cj are t h e i r  correspond ing  w e ig h t s .  I t  i s  c o n v en ien t  to
choose the Yj to  be s im u ltan eou s  e ig e n f u n c t io n s  o f  the commuting s e t  o f
o p e r a to r s ,  L^, S^, and K; i s  the t o t a l  o r b i t a l  angular momentum
of the atom, S i s  the t o t a l  sp in  angular  momentum, and L and S are t h e ir  * — 1 o ’ z Z
r e s p e c t iv e  z components. In order to determ ine Y^  f o r  a g iv e n
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c o n f ig u r a t io n  we form a l l  p o s s i b l e  Nth order determ in ants  and f in d  the
com bination  of them which makes Y. an e ig e n f u n c t io n  of S^, L^, S and L ,J ’ z z
We c o n s id e r  the g e n e r a l  d e term in an ta l  f u n c t io n
where the é ( n . £ . m . s . )  are o n e - e l e c t r o n  o r b i t a l s ,  in  the u s u a l  n o t a t io n .  1 1 1 1
I t  i s  e a s i l y  shown th a t  such a fu n c t io n  i s  a lrea d y  an e ig e n f u n c t io n  of
'>'2 — 2 /•and S^, but n o t  o f  S and L ( s e e ,  f o r  example, E yring Walter and Kimball
( 1 9 4 4 ) ) .  We n e x t  c o n s id er  the  l in e a r  com bination
where i s  one of  the s e t  o f  determ in ants  a r i s i n g  f o r  the g iven  
c o n f ig u r a t io n .  We w ish  A to  be an e ig e n f u n c t io n  o f  Now
2
L D{(n^£^ra^s^)(n2^2^2^2^* * *  ^ ^
t l  + 2  ^ m^m.] D{ (n^g,^m^s^) (^2^2^2^2^ ' }
i  l> j   ^ ^
(8.3)
+  ^ fjl. (? , .+ l)-m. (m.+l)J [£. ( £ . + l ) - m .  (m.- l )J
1 1  ^  ^ " J J  J J
X Er(n_£ m^s^) . . .  (n .£ .m . + l , s . )  . . .  ( n . £ . m , - l s . )  . . .  } /   ^ J-  ^ t  1 1 1  1 J J J J
J
and we s e e  th a t  does n o t  a l t e r  the v a lu e  o f  (=m^+m2+ . . . ) .  A
•-2s im i la r  r e s u l t  h o ld s  f o r  S and M . Thus o n ly  D fu n c t io n s  w ith  the sames
and Mg v a lu e s  w i l l  be in v o lv e d  in  the sum ( 8 . 2 ) .  We want A to  s a t i s f y
2
L ^ A = V -  L(L+1)A4tt
-  134 -
f o r  some v a lu e  of L. That i s ,  n o t in g  e q u at ion  ( 8 ,2 )
H L . d  -  a ) a.  = 0 ( 8 . 4 )
i  1^ 4 tt'^  iJ 1
where L . .^  = D.*L^D,dx
J i  J J 1
These e q u a t io n s  ( 8 .4 )  can be s o lv e d  to  g iv e  v a lu e s  o f  a^, and hence A.
' 2^In t h i s  way we o b ta in  a s e t  o f  A’s which are e ig e n f u n c t io n s  o f  L , 
and S^. The same procedure can be rep ea ted  w ith  in s t e a d  of  and 
u s in g  the A*s as the s t a r t i n g  f u n c t i o n s .  We o b ta in  a s e t  o f  f u n c t io n s  
which s a t i s f y
2
L^B. = L .’(L. + 1) ^  B.
1  1 1  4 vt 1
7 . 2
S B .  = S . ( S . + l )  ^  B.1 1 1 4n 1
We w i l l  now look  b r i e f l y  a t  one example, the r e s u l t  of  which we 
s h a l l  u se  l a t e r  in  t h i s  ch a p te r .  We r e q u ire  a *S s t a t e ,  th a t  i s  L = 0 ,
S = 0 ,  = 0 ,  Mg = 0 ,  o f  jdie c o n f ig u r a t io n  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^ ( 3 s ) ^ .  There
are f i f t e e n  p o s s i b l e  D f u n c t i o n s ,  but o n ly  th ree  of th e se  have M^  and Mg 
both  z e r o .  They are
= ( 1 0 0 D ( 1 0 0 T ) ( 2 0 0 i ) ( 2 0 0 l ) ( 2 1 l T ) ( 2 1 o D ( 2 1 o T ) ( 2 l T D ( 3 0 0 i ) ( 3 0 0 T )  
ip'2 = (100D (10oI ) (2 0 0 D (2 0 oT )(2 1 1 |)(2 1 0 |)(2 1 0 T )(2 1 T Î)(3 0 0 |)(3 0 0 T ) (8.5)
= (1 0 0D ( 100T ) ( 2 0 0D ( 200T ) ( 21 l D ( 21 lT)(2n O ( 21lT) (300 | ) ( 300T)
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We have denoted each determ inant D by the e lem en ts  o f  i t s  p r in c ip a l  
d ia g o n a l .  E q u a t io n . ( 8 .3 )  y i e l d s  the  r e s u l t s
9 4-2
= -3— (24; + 2i|;J
 ^ 4tt ^
2
= t — (2* -  2»^)
 ^ 4»
- 2  t dh = — 2 (2t^ '  ^ -  2\\)^  + 4i/)g) .
4TT
For a n o n -v a n is h in g  s e t  of c o e f f i c i e n t s  we h ave , from eq u a t io n  ( 8 . 4 ) ,
L = 0 ,  1 or 2 ,  and the  r e s u l t i n g  e ig e n f u n c t io n s  are
A., = —  ( - 'h  + iK + iK)
/3  ^
Ag = —  (i>j_ + 4^ 2^  ( 8 .6 )
/2
Aq = —  (ij;, -  + 2ipg ) .
^2These A fu n c t io n s  are a lrea d y  e ig e n f u n c t io n s  o f  S and so can be used  as
^2B f u n c t i o n s .  In p a r t i c u l a r  S Ay = 0 ,  and so Ay corresponds to  a *S
s t a t e  and i s  the f u n c t io n  we r e q u ir e .  That i s ,  the  f u n c t io n  Ay i s  an
» # ^2 2 .e ig e n f u n c t io n  o f  L , S , and correspond ing  to  a S s t a t e  of the
c o n f ig u r a t io n  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^ ( 3 s ) ^ .
To summarise th en , we can expand the  t o t a l  w a v efu n ction  o f  an atom
as a l i n e a r  com bination o f  the  f u n c t io n s  Y j, as in  e q u a t io n  ( 8 . 1 ) .  These
Y.*s are each l i n e a r  com binations o f  S l a t e r  determ in ants  which are composed 
J
o f  one e le c t r o n  o r b i t a l s  (|)£. We suppose th e se  to  be o f  the  form
<|,i = i  POiiti.r) Yj,m(e, ♦) X(m^ _)
1
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where i s  a s p h e r ic a l  harmonic and X(m  ^ ) i s  a s p in  e ig e n fu n c t io n ,
i
We assume th a t  the  r a d ia l  fu n c t io n s  P (n£ , r )  a s s o c ia t e d  w ith  a g iven  
quantum number I  form an orthonormal s e t
|P (n £ , r ) P ( n ' £ ,  r )d r  = 6^^, .
In order to  o b ta in  the t o t a l  w a v efu n ction  Y we need to  know two 
s e t s  o f  q u a n t i t i e s ,  the w e ig h ts  C j ( j = l ,  M^) and the  r a d ia l  wave­
fu n c t io n s  P(n^£^, r ) .  They are determ ined from the f a c t  th a t  the  t o t a l  
energy must be s t a t i o n a r y  w ith  r e s p e c t  to  v a r ia t i o n s  in  th e se  q u a n t i t i e s .  
Computer programs e x i s t  to  perform t h i s  c a l c u l a t i o n ,  one o f  the  most 
n o ta b le  b e in g  th a t  o f  F i s c h e r  (1 9 6 9 ) .  She d e s c r ib e s  in  some d e t a i l  the  
m u lt i - c o n f ig u r a t i o n  H artree-Fock  (MCHF) s o l u t i o n  o f  the problem.
B a s i c a l l y ,  two problems are s o lv e d  r e p e t i t i v e l y .  F i r s t ,  g iv e n  the w e ig h ts  
Cj, the r a d i a l  fu n c t io n s  P (n£ , r )  are determ ined f o r  a s t a t io n a r y  en erg y .  
Then w ith  th e se  r a d ia l  f u n c t io n s  the w e ig h ts  are r e c a l c u la t e d ,  aga in  f o r  
a s t a t i o n a r y  en ergy , and so on.
I f  H i s  the t o t a l  H am iltonian  f o r  the  N - e le c t r o n  atom, then the  
t o t a l  energy i s  g iv e n  by
E = Y IHI Y ^
where Y i s  th e  t o t a l  w ave fu n ct ion  fo r  a bound s t a t e  o f  th e  system . Thus,
by eq u a t io n  ( 8 .1 )
M
'  ■  j ,  ' " j ' u  y .
 M M
O O °  9
E = y y c . c . E . . ( y c / )  (s.?)
where E. . = Y. |H| Y. )  ( 8 .8 )
i j  '  1' '
F o l lo w in g  S la t e r  (1960) we can w r i t e  the  energy E in  the  form
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M.o m  k
E = 2 E. (average)  + I  a c .  c .*  F ^ ( i  j ; i ' j * )
j = l  J m=l m m m mm
NG k
+ V j  G ( 8 . 9 )
m=l ^m m
NR k
+ y d c .  c .*  R ^ ( i  i i  j ; i '  i i *  j * )  m 1 1 m mrm* m m bmm=l “^m m
where i  and i i  s p e c i f y  the index  of a w a v efu n ct io n  and j the  c o n f ig u r a t io n
to  which i t  b e lo n g s .  E . (average)  i s  the  average energy of the
J -
c o n f ig u r a t io n  j ,  and i s  c a lc u la t e d  by the F i s c h e r  program. Tlie r a d ia l  
i n t e g r a l s  R  ^ are d e f in e d  by
(1 a, i '  a ' )  = I R*(n, H. , r ,  )R*(n !l , r , ) R ( n .  ' ,  ' , r , )J  ^ 1 1 1 .  & & Z X 1 i.
2r
0
k
' ' ( " a ' ' a ’ >’'2) - T ? î  r
>
w ith  the s p e c i a l  c a ses
F 'X i ,  i ' )  = R ' X i i ' ,  i i ' )  (8 .1 0 )
and G ^ (i ,  i ' )  = R^^(ii', i ' i )
The i n d ic e s  j and j ’ , appearing  in  eq u a t io n  ( 8 .9 )  which denote the
c o n f ig u r a t io n s ,  are not in v o lv e d  in  the  R i n t e g r a l s .  These i n t e g r a l s
are c a lc u la t e d  by the program, but t h e i r  c o e f f i c i e n t s  a , b and d are1 w , m’ m m
r eq u ired  as input  d a ta .  Uc s h a l l  re tu rn  to  t h i s  p o in t  l a t e r  in  t h i s  
s e c t i o n .
As we have m entioned b e f o r e ,  the aim o f  the MCHF method i s  to  
s o lv e  the  s e t  o f  coupled  i n t e g r o - d i f f e r e n t i a l  eq u a t io n s  s a t i s f i e d  by the  
r a d ia l  fu n c t io n s  P (n£, r) and determ ine a s e t  o f  w e ig h t  f a c t o r s  c^ . The
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i n t e g r o - d i f f e r e n t i a l  eq u a t io n s  are s o lv e d  i t e r a t i v e l y  by the s e l f -  
c o n s i s t e n t  f i e l d  method. As i s  shown by H artree (1955) the  f u n c t io n s  
P(n&, r )  s a t i s f y  the Fock e q u a t io n s
^^£2 " | ( 2 - Y ( n 7 .  r ) )  -  P(n%. r )
= X(n%, r)  + I  £ , P(n'&, r)
n V n  "*■> " *■
where P (n £ , 0) = 0 = P (n£ , <»)
and Y(n£, r) = -   ^ q(n£)Y (n£ , n£ , r) +  ^ a . Y (n£ , n£, r)
n£ k % K
X(n£, r) = -  -  ^ J* S n Y (n£ , n '£ * ,  r )P (n * £ * ,  r)  
n ' £ ' k
( 8 . 11)
wi th
I™
Y^(n£, n *£ ’ , r )  = rj s )P (n £ ,  s )P (n * £ * ,  s )d s
and y^^r, s )  = [m in ( r ,  s)]^^/Lma]c(r, s )2 k+1
The c o n s ta n ts  a and 3 are ta b u la te d  by Condon and S h o r t le y  (1930) and 
q(n£) i s  the number of e l e c t r o n s  in  the (n£) s h e l l .  The s o lu t i o n s  o f  th e se  
e q u a t io n s  o s c i l l a t e  near the o r ig i n  and F is c h e r  (1969) f in d s  i t  con ven ien t  
to  make the s u b s t i t u t i o n  p = lo g  Zr. The r e s u l t i n g  eq u a t io n s  are then  
s o lv e d  n u m e r ic a l ly .
The d i f f e r e n t i a l  eq u at ion s  fo r  a l l  the r a d ia l  fu n c t io n s  are s o lv e d  
r e p e t i t i v e l y  u n t i l  the  r e s u l t s  are s e l f - c o n s i s t e n t ,  th a t  i s  u n t i l  the  
e s t im a te d  fu n c t io n s  d i f f e r  from the s o lu t i o n s  o f  the eq u a t io n s  by an amount 
n o t  e x c e e d in g  the a llow ed  t o le r a n c e .  I n i t i a l l y  the  w avefu n ct ion s  are  
e s t im a te d  and o r th o g o n a l i s e d  and the  energ^^ p aram eters , are
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determ ined . Each e q u a t io n  i s  s o lv e d  and the  ^ red eterm ined .
The program then se a rc h e s  f o r  and s o lv e s  the  e q u a t io n  which has the
l a r g e s t  change in  i t s  s o l u t i o n .  This l a s t  p r o c e ss  i s  rep ea ted  s e v e r a l
tim es and then each o f  the e q u a t io n s  i s  s o lv e d  in  turn and the  e . ' sn£,n%
red eterm in ed . This e n t i r e  procedure i s  rep ea ted  f o r  e i t h e r  a s p e c i f i e d  
number of tim es or u n t i l  s e l f - c o n s i s t e n c y  i s  a t t a in e d ,  which ev er  occurs  
f i r s t .
Having determ ined a s e t  of r a d ia l  f u n c t io n s ,  the energy m atrix
(Ehj) i s  computed and hence the  w e ig h ts  Cj which make the t o t a l  energy E
a minimum ( s e e  e q u a t io n  ( 8 . 7 ) ) .  This whole p r o c e ss  i s  rep ea ted  s e v e r a l
t im e s ,  to  o b ta in  c o n s is t e n c y  between the r a d ia l  fu n c t io n s  and the  w e ig h t s .
Thus, v a lu e s  o f  the c o e f f i c i e n t s  c .  and the num erical r a d ia l
J
w a v efu n ct io n s  are c a lc u la t e d  by the F is c h e r  program. We have m odif ied
t l i i s  program to run on the CDC6600 computer and have reproduced the  t e s t
r e s u l t s  fo r  C+2 e x a c t l y .  We have a l s o  o b ta in ed  good r e s u l t s  f o r  th e
2 2 6s i n g l e  c o n f ig u r a t io n ,  the  ground s t a t e  o f  the neon atom, ( I s )  (2 s )  (2p) 
However, we have so f a r  been unab le  to  g e t  rea so n a b le  convergence o f  the  
r e s u l t s  f o r  the tvjo c o n f ig u r a t io n  example which we w i l l  be d i s c u s s in g  l a t e r ,  
D r.W ilson a t  C helsea  C o l le g e  ( U n iv e r s i ty  o f  London) has v ery  
k in d ly  g iv e n  us a copy o f  an u n p ublished  MCHF program o f  Bagus. Tliis 
r e t a in s  the m a jo r ity  o f  the F i s c h e r  program but improves the methods o f  
s o l u t i o n  o f  the  d i f f e r e n t i a l  eq u a t io n s  f o r  the  r a d ia l  f u n c t i o n s ,  r e s u l t i n g  
in  b e t t e r  co n vergen ce . I t  a l s o  a l low s  more c o n f ig u r a t io n s  to  be in c lu d ed  
in  the c a l c u l a t i o n .  We have m od if ied  t h i s  program to  run on the  CDC 6600  
and have o b ta in ed  p re l im in a r y  r e s u l t s  fo r  the two c o n f ig u r a t io n  example.
We s h a l l  c o n s id e r  th e se  in  Chapter X.
The data  req u ired  as in p u t  f o r  both the F i s c h e r  and Bagus MCHF 
programs i s  d i s c u s s e d  in  d e t a i l  by F i s c h e r  (1 9 6 9 ) .  We s h a l l  o n ly  c o n s id e r
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here  the  c o e f f i c i e n t s  a ,b  ,d  which appear in  the e x p r e s s io n  ( 8 .9 )  f o r
m* m’ m
the t o t a l  en ergy . We look  a t  the s p e c i a l  ca se  o f  a two c o n f ig u r a t io n  
approxim ation to  the ground s t a t e  of the neon atom in  which we have the  
c o n f ig u r a t io n s
( i )  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^
( i i )  ( l s ) " ( 2 s ) ^ ( 2 p ) ^ ( 3 s ) ^
w ith  correspond ing  w avefu n ct ion s  and Y^. These are s im ultaneous
e ig e n f u n c t io n s  of L^, S , L and S w ith  L = 0 and S = 0 . S in ce  the* z z
f i r s t  c o n f ig u r a t io n  i s  a c lo s e d  s h e l l  the w avefu n ct ion  Y^  i s  a s i n g l e  
S la te r  d e t e m in a n t  composed o f  ten  o n e - e l e c t r o n  o r b i t a l s .  We have  
a lre a d y  s e e n ,  e q u a t io n  ( 8 . 6 ) ,  th a t  Y2 i s  g iv en  by
Y„ = —  (-ijj-j + o ) ( 8 .1 1 )
/3
where ij; ,^ are g iv en  in  eq u at ion  ( 8 . 5 ) .
■ The e x p r e s s io n  f o r  the t o t a l  energy can be worked out very  
e a s i l y  in  t h i s  c a s e .  The f i r s t  c o n f ig u r a t io n ,  b e in g  a c lo s e d  s h e l l ,  
has o n ly  one m u l t i p l e t ,  a 'S s t a t e .  T herefore
(_Y  ^I h I Y^ ') = (average)
where E^(average) i s  the average energy o f  the  c o n f ig u r a t io n .  D e t a i l s  
of i t s  e v a lu a t io n  are g iv en  in  S la te r  (Volume I ,  I 9 6 0 ) .  Re a l s o  shows 
th a t  the 'S m u l t i p l e t  energy of the  second c o n f ig u r a t io n  i s
\Y2 | k| Y. )^ = E^(average) + ^  F^(2p, 2p)
where F i s  d e f in e d  in  e q u a t io n  ( 8 . 1 0 ) .
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The m atr ix  e lem ent “ 4. |H| can be ev a lu a te d  by u s in g  the
r e s u l t s  o f  S la t e r  (Volume I I ,  1960) and i s  g iv en  by
| h |'P )  = i -  G ' ( 2 p ,  3 s )  .
J3
Tlius, from e q u a t io n  ( 8 .7 )  we have
2 2 
E = E ^(average) + E2 (average)
+ - 0  c^^F^(2p,  2p) + —  G ' ( 2 p .  3 s )  .
/3
We have not  g iv en  here  much d e t a i l  o f  t h i s  c a l c u l a t i o n ,  as th e se  r e s u l t s
are v e r y  e a s i l y  o b ta in ed  from S l a t e r ,  A lso  t h i s  approach becomes
u n f e a s ib l e  when more com p lica ted  c o n f ig u r a t io n s  are in v o lv e d .  Moreover
i t  i s  u n n e c e s s a r y ,  s in c e  H ibbert (1971) has w r i t t e n  a computer program
which c a l c u l a t e s  the  c o e f f i c i e n t s  a , b , d r e q u ired  as in p u t  in  them m* m  ^ ^
MClIF programs.
Thus we have in  the  c o n f ig u r a t io n  i n t e r a c t i o n  approach a means
o f  producing o n e - e l e c t r o n  o r b i t a l s  w h ich , because  they  in c lu d e
c o r r e l a t i o n ,  are more ac c u r a te  than the standard C lem en ti- ty p e  wave
f u n c t i o n s .  There are computer programs which c a l c u l a t e  th e se  o r b i t a l s
and output them in  a num erical form, to g e th e r  w ith  the  c o n f ig u r a t io n
w e ig h t in g  f a c t o r s ,  c . .
‘ J
8 . 2 .  A n a ly t ic  forms f o r  the Cl w avefu n ct ion s
To c a l c u l a t e  the Born exchange s c a t t e r i n g  am plitude g g (0 ,  0) i t  
i s  co n v e n ien t  to  have the o n e - e le c t r o n  o r b i t a l s  in  an a n a l y t i c  form.
We have th e r e fo r e  w r i t t e n  a program which f i t s  to  such a form the num erical  
w a v efu n ct io n s  which are ou tput  by the Cl program and which we s t o r e  on
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m agnetic  ta p e .  We choose the o r b i t a l s  to  be of  the Clementi (1965)  
type; we assume the  s and p o r b i t a l s  w ith  which we s h a l l  be concerned  
to  have the  g en era l  forms
n - L  r M’ - C ,r  M"' -Ç r
*ns Z  ^ + I d re + I  d r e . (8 .1 2 )
k= l k=M+l k=îl' + l
f o r  n = 1 , 2 , 3 and
E - r  r  L ’ - ç  r
f  1 "t? e ■ ) Y i „ 0  ( 8 .1 3 )
 ^ k = l  k=L+l
f o r  n = 2 , 3, r e s p e c t i v e l y .  The c o n s ta n ts  M, M’ , M", L and L' are  
s p e c i f i e d  i n i t i a l l y ,  and depend on which o r b i t a l s  occur in  the problem.  
C on sid er in g  the s o r b i t a l s ,  i f  o n ly  the Is  o r b i t a l  i s  occu p ied ,  on ly  
the f i r s t  term in  the sum ( 8 .1 2 )  a p p ears .  I f  th ere  are Is  and 2s
o r b i t a l s ,  the  f i r s t  two terms are p r e s e n t ,  and i f  th ere  are I s ,  2s and 3s
o r b i t a l s ,  each o f  th e  th ree  terms o c c u r s .  S i m i la r ly ,  f o r  the p o r b i t a l s ,  
o n ly  the  f i r s t  term in  e q u a t io n  ( 8 .1 3 )  i s  used  when 3p o r b i t a l s  are  
a b s e n t ,  o th e r w ise  both  terms are p r e s e n t .  The c o e f f i c i e n t s  and exponents  
^k* *^ k are to  be v a r ie d  so  th a t  the forms ( 8 .1 2 )  and (8 .1 3 )
g iv e  good r e p r e s e n t a t io n s  o f  the  num erical f u n c t io n s .
We denote  by P \ ( r j )  the r a d ia l  p a r t  of the i t h  num erical wave­
f u n c t io n  a t  the j t h  v a lu e  o f  r f o r  which i t  i s  c a lc u la t e d  by the  Cl program.
The correspond ing  fu n c t io n  in  our a n a l y t i c  f i t  i s  0 . ( r . ) .  A p o in t  to  n o te
 ^ J
i s  th a t  f o r  s o r b i t a l s  we have in c lu d ed  the s p h e r ic a l  harmonic
>k'Y ('?) (= (4ïï) ^) in  the c o n s ta n ts  d. . We aim f o r  an accuracy o f  1 p a r t
—2in  10 in  our f i t t i n g  and so we form the sum
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2
“ i  P , ( r . )  -  q . ( r . )
M  = i  (— b i —
j = l  10 P ; ( r j )
where r i s  the l a s t  v a lu e  of r f o r  which P . ( r . )  i s  g r e a te r  than 10
jn ^  1  J
For r g r e a te r  than t h i s  v a lu e  the  num erical w avefu n ction  i s  n o t  r e l i a b l e  
enough f o r  a f i t  to  be f e a s i b l e .  The program VA04A o f  Pow ell  and F le t c h e r
(1964) i s  then used to  m in im ise  t h i s  sum w ith  r e s p e c t  to  the  v a r ia b le s  d^ 
and f o r  s o r b i t a l s ,  and c^  ^ and f o r  p o r b i t a l s .  We impose, however, 
a c o n s t r a in t  on the  v a lu e s  which can be taken by the exponents 6^ , and 4^.
The *ns* p ar t  o f  an *ns* w a v efu n ct io n  ( th a t  i s ,  the term in  the  sum (3 .1 2 )
• • IT.*" X •which c o n ta in s  a f a c t o r  r ) i s  fo r c e d  to  behave as an *ns* fu n c t io n  f o r
la r g e  v a lu e s  of r .  That i s
^k > “i s 1 _< k < M
^k > “2 s N < k < M*
^k > “3s M’ < 1{ < M"
where a = / -e"  , c b e in g  the  o r b i t a l  energy o f  the  *ns* o r b i t a l ,  in  ^ s  ns ’ ns  ^  ^ ’
ry d b ergs .  S im i la r ly  f o r  p o r b i t a l s
'^ k " “2p , 1 1  L
\  " “3p L < k < L' .
The program VA04A v a r ie s  the param eters i n  the range ( - “ , “ ) ;  
the  above c o n s t r a in t  i s  imposed by making the s u b s t i t u t i o n
^k '  1 ° 8 ( (S .1 4 )
k
and v a r y in g  the  new param eters x^ .^
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Our f i t t i n g  program r e q u ir e s  i n i t i a l  v a lu e s  o f  the param eters  
in v o lv e d  in  Q^. In c a se s  where they  are a v a i la b l e  we use  the  Clementi
(1965) v a l u e s ,  o th e r w ise  i t  i s  a m atter  of t r i a l  and e r r o r .
To summarise th en , we make i n i t i a l  e s t im a te s  of th e  parameters  
in v o lv e d  in  the o r b i t a l s  which we choose to  be o f  the forms ( 8 .1 2 )  and
( 8 . 1 3 ) .  We apply the s u b s t i t u t i o n  ( 8 .1 4 )  to  the exponent parameters and 
then form the sum f o r  each w a v efu n ction  i  in v o lv e d  in  the problem.
The num erical Cl w a v e fu n c t io n s ,  P^, are read from m agnetic  ta p e .  The
sum F^ i s  then m inim ised by the program VA04A and we aim f o r  a low  
v a lu e  of
where rn i s  the number o f  degrees  of  freedom . We thus o b ta in  a n a ly t i c  
forms f o r  the  Cl w avefunctions, and we now go on to  use  th e se  in  the  
c a l c u l a t i o n  of  the  Bom  exchange s c a t t e r i n g  am plitude , g g (0 ,  0 ) .
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CHAPTER IX
TTIE HORN EXCHANGE SCATTERING AMPLITUDE AT ZERO ENERGY •
In t h i s  chapter  we c o n s id er  the Born exchange s c a t t e r i n g  am plitude  
f o r  zero  energy f o r  an N - e lc c t r o n  atom. We assume th a t  we have a 
c o n f ig u r a t io n  i n t e r a c t i o n  (C l) type of w a v e fu n c t io n ,  Y, which i s  a *S
s t a t e  o f  the atom and which i s  g iv e n ,  as in  eq u at ion  ( 8 . 1 ) ,  by
Mo
Y = y c .Y . . ( 9 .1 ). 1 1 1=1
The c o n s ta n ts  c^ are  the w e ig h ts  of the s i n g l e  c o n f ig u r a t io n  
w a v efu n ct io n s  Y^. These Y^  are 'S m u l t i p l e t s  which r e p r e s e n t  p o s s ib l e  
s t a t e s  of the atom and, as we have seen  in  § 8 .1 ,  they  can be w r i t t e n  in  
the form
h j
Y. = ) a . . D . . . ( 9 .2 )
" j = i
The a . ,  are c o n s ta n ts  and the D. .  are S la t e r  determ inants  composed of  
iJ i j
o n e - e l e c t r o n  o r b i t a l s  cf)^ . We have a lre a d y  d i s c u s s e d  in  §8.1  how the  
fu n c t io n s  Y ., and hence the a . ,  and D . . are determ ined f o r  a g iven1 i j  i j
c o n f ig u r a t io n .  Combining eq u at ion s  ( 9 .1 )  and ( 9 .2 )  we o b ta in
M M. .
i j
Y = y y c . a . . D . . . ( 9 .3 )
h i  j h  ^
Hie Born exchange am plitude g g (0 ,  0) f o r  the e l a s t i c  forward  
i c a t t e r in g  of an e l e c t r o n  by an N - e le c t r o n  atom in  the s t a t e  Y i s  g iven  by
(0 ,  0) = -  < Y ( 1 , . . . , N ) | v | Y ( 1 , . . . , N - 1 ,  N + 1 )}  ( 9 .4 )
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N ^^ +1 1
where V  ------------ + I  ------- ^—:-------  • ( 9 .5 )
^ N + 1  1 = 1  1 - i  - N + 1  I
Thus, combining e q u a t io n s  ( 9 .3 )  and ( 9 .4 )  we have
M M . .  M M. , . ,o i j  o i ' ]
Sb(°> -  2n
( 9 .6 )
<^ D. j (1 ,  . . . ,  N ) | V | D . , j , ( l ,  . . . ,  N -1 , N+1, . . . ,  l l ) y  .
As we have m entioned above, the determ in ants  are composed of  
o n e - e l e c t r o n  o r b i t a l s  (fc^ , and we assume th e se  to  be e i t h e r  I s ,  2 s ,  3 s ,  2p 
or 3p o r b i t a l s .  They are c a lc u la t e d  n u m e r ic a l ly  by the Cl program and 
then f i t t e d  to  the a n a l y t i c  forms ( 8 .1 2 )  and ( 8 .1 3 )  as d e sc r ib e d  in  § 8 .2 .  
We s h a l l  th e r e f o r e  assume the  o r b i t a l s  to  be o f  the  forms (8 .1 2 )  and
(8 .1 3 )  and denote  them by
* ls  = < i>  i > ’ $2s '  ' <"3s = •
*2p = ' *3p = •
That i s ,  the 2s o r b i t a l  i s  o f  the form (8 .1 2 )  w ith  the c o n s ta n ts  d^ and 
r e p la c e d  by e^  ^ and 6^ r e s p e c t i v e l y  (k = 1-M"), and s i m i l a r l y  f o r  the  
o th er  o r b i t a l s .  We thus have e ig h te e n  o r b i t a l s  and we l a b e l  them in  the  
f o l l o w in g  manner:
*1 “ '•’I s a ’ h  °  h s B  .
*3 “ *2sa> *4 " *2sB ’
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5 -  -2p^a> '6 -  «*
*8 “ k p p ,  b  = bp^B  - *10 “ *2p_i B'
*11 *3sa’ *12 *3sg'
’13 " *3p^a' *14 " *3p^a’ *15 ‘  *3p_i a '
16 3pj^6, *3p^B' *18 *3p_i B
a and 3 denote  sp in -u p  and spin-down s t a t e s  r e s p e c t i v e l y .
We now d i s c u s s  the way in  which we have e v a lu a te d  the m atrix  
e lem en ts  appearing  i n  eq u at ion  ( 9 . 6 ) .  The method i s  a m o d i f i c a t io n  of  
th a t  used in  § 7 .3 ,  and much of the n o t a t io n  used  th e re  i s  c a r r ie d  o ver .
We w r i t e
3
<D ( 1 , . . . N ) | V | D  , , ( 1 . . . . , I 1 - 1 ,K + 1 ) >  = I  I. ( i j ,  i ' j ' )  ( 9 .7 )
^  J k= l
w here the f u n c t io n s  I ^ . ( i j ,  i * j * )  are d e f in e d  in  an e x a c t l y  p a r a l l e l  way to  
e q u a t io n s  ( 7 . 1 9 ) ,  ( 7 .2 0 )  and ( 7 . 2 1 ) .  We c o n s id e r  each o f  th e se  in  turn ,  
but f i r s t  we make one f u r th e r  assum ption . We n e g l e c t  s i n g l e  e x c i t a t i o n s  
on the grounds th a t  they  are unim portant in  p r a c t i c e  compared w ith  double  
e x c i t a t i o n s .  In each c a s e ,  t h e r e f o r e ,  we have two c a ses  to  c o n s id e r ,
( i )  = D. ,
( i i )  D . . and D . , . ,  d i f f e r  by two o r b i t a l s ,  
i j  1 J
We d e f in e  S to  be the s u b s e t  of the sp in -u p  o r b i t a l s  which are occup ied  in
D. . .  Then 
i j
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S c (^ ^ , 4)g, 4) ,^ ^11' ^13» ^14» '^15^
Let D^j = {^u, . . . »  <j) }^.
a) I ] ( i j ,  i ' j ' )
From e q u a t io n s  ( 9 ,5 )  and ( 9 .7 )  and by comparison w ith  eq u at ion  
( 7 .1 9 )  we have
I g i j ,  i ' j ' )  = | - <  D g l , . . . , l I ) | - 4 — | D . , . , ( 1 ...........N-1,N+1)>
•L T^T IJ  ^ J
S in ce  r^^^ i s  th e  on ly  term in v o lv e d  in  the  in tegran d  apart from in  the
w a v e fu n c t io n s ,  and s in c e  the  o r b i t a l s  are o r th o g o n a l ,  we must have the  tv70
d eterm in ants  c o n ta in in g  i d e n t i c a l  o r b i t a l s .  Thus I ^ ( i j ,  i ' j * )  i s  zero
u n le s s  D . .  = D . , . , .  In th a t  ca se  
iJ 1 J
dr, . . .  dr. a (N+1) 4>^(1) . . .  (j)j ( £ ) . . .  <|) (^N)
Ml 2 D. . { 1 , 2 , . . . , £ - l , N + l , £ + 1 , . . .  N} .
Tlie re i s  o n ly  one n on -zero  c o n t r ib u t io n  from the d eterm in an t,  namely the  
product of the d ia g o n a l  e le m e n ts .  Thus
(N+1)
i p i j ,  i j )  = .1
J_cS J •' ^N+1
That i s .
I l ( i j ,  i j )  [  X (jp Y C j^ )
Jo"®
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where the X and Y f u n c t io n s  are d e f in e d  by
X (jo )  = dr^. (r )
and
(p. (O
= k - f —
( 9 .8 )
Now X v a n is h e s  u n le s s  the s t a t e  cj). has zero  quantum numbers^ m and £
•^ o
and so can take on ly  the v a lu e s  1, 3 and 11, accord in g  as th e se  s t a t e s  
are occup ied  or not  in  U s in g  the expansion  ( 8 .1 2 )  we o b ta in
M M' M"
x ( l s )  = x (d^r; = y d K(c ,0 )  + y d K(c ,1 )  + y d K ( c  ,2 )  
k=l Î1+1 MW+1
M M* M"
Y d s )  = Y (d ,^ ) = /  , - D  + I  d ,0 )  + I  cLK (Sk.l)
1 M+1 i r + i
where K(A, n) = d_r e r^  ^ analogous to our p r e v io u s  d e f i n i t i o n  in  §7.3 ,
The r ecu rren ce  r e l a t i o n  ( 7 .2 6 )  i s  s t i l l  v a l i d .  S im i la r ly
K(2s) = X(£, jS), X (3s)  = X(b, and Y (2s)  = Y(^, 6_), Y (3 s )  = Y(b, j ) ,
The v a lu e s  o f  the K f u n c t io n s  are g iv en  in  Table 9 .1 .
(b) I , ( i j ,  i ' j ' )
By comparison w ith  e q u a t io n  ( 7 .2 1 )  we have
I j X i j ,  i ' j ' )  = -  - ^ < D . . ( 1 , . . . , N )
£=1 ' -£  -N+1
D ^ , j , ( l , . . . , £ - 1 ,  N+1, £+1, . . . ,  N ) ^
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Table 9 .1
Values  of  the K f u n c t i o n s  f o r  g^CO, 0)
K(A,-1)  = K(A,0) = 8-rrA ^
K(A, 1) = 24tia"^ K(A,2)  = 96 /rA ^
K(A, 3) = 480/1 a"^ K(A,4)  = 2880TrA~^
K(A, 5) = 20160-iïA~^ K(A,6) = 161280ttA~^
- 1 0
K(A,7)  = 1451520ttA K(A,8)  = 145152007ta"^^
C l e a r l y ,  because  o f  the form of  the in tegrand  and the  o r t h o g o n a l i t y  of
the o n e - e l e c t r o n  o r b i t a l s ,  t h i s  v a n i s h e s  u n l e s s  the  de terminants  D. .  and
iJ
D . . . ,  d i f f e r  by a t  most one o r b i t a l .  T h er e fore ,  because  we are not  
1 J
a l lo w in g  s i n g l e  e x c i t a t i o n s ,  I-  ^ v a n i s h e s  u n l e s s  I f  t h i s
l a t t e r  c o n d i t i o n  i s  s a t i s f i e d  the a n a l y s i s  of  §7 .3  p a r t  ( i i i )  ho lds  and we 
o b t a in
I j U j .  i j )  = ,1 dr
do"® -  " ^ + 1
= I
( j o )
( 9 . 9 )
say
In the case  o f  non-zero  energy ,  the f u n c t i o n s  I^(^)  had an e x t r a  
e x p o n e n t ia l  term which made the  a n a l y s i s  r a th e r  com plica ted  ( s e e  equat ion  
( 7 . 2 8 ) ) .  For zero  energy however t h i s  term i s  ab s e n t ,  and we can s e e  by
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comparing e q u a t io n  ( 7 . 2 9 )  w i t h  d ie  P f u n c t i o n s  d e f in e d  in  Appendix D 
t h a t  M(^, y) i s  s imply P^(A, y ) . S im i lar  s i m p l i f i c a t i o n s  ho ld  f o r  the
o t h e r  f u n c t i o n s  i n v o lv e d  i n
The f i r s t  p o s s i b l e  term o c c u r r in g  in  the summation of  equat ion
th a t  
( 1) ,
( 1)( 9 . 9 )  i s  Ig . (Note i f  the s t a t e  i s  not  occupied  i n  the
determinant  D^j, then i s  z e r o . )  By u s i n g  the expans ion  ( 8 .1 2 )
f o r  the Is  o r b i t a l  we have
X . (T i  M M' M
Id U M’ M'
+ 2 [
k=M+l
M" . M’ N" M"
r*  ■■ k = n l i  j X i  ^
- (^, O , say .
The P f u n c t i o n s  are d e f in e d  in  Appendix D in  terms of  the K f u n c t io n s  
which are g iv en  i n  Table 9 . 1 .  S i m i l a r l y ,
= I „ ( ^ ) ( e ,  (5) and
J  —  —
4 ™  r .
The remaining I„ f u n c t i o n s  are of  the form (n = 2 or 3)
,  (nm) , ,
-  152 -
For n = 2,  u s i n g  e q u a t io n  ( 8 .1 3 )  we have
( 2n) 1 L L
-  a .  y  V i / 2 , " r
L L'
L' L
+ I  I____ Ck^i ___ 1 -
k=L+l j=L+l J 2 2 "25'^k
3 ; .  3Ck
We now show t h a t  the f u n c t i o n  P2^(X, u) which i s  d e f in e d  by
^2 5 (A, p) = I dr
-Ar -pR
( 9 .1 0 )
i s  independent  of  m. We have
d _ r  J d ^  e
'  2! ; !a,  3
where we have used  the expans ion  (2.1) f o r  | r -R |  .Tlie angular  i n t e g r a t i o n s  
are t r i v i a l ,  y i e l d i n g  the c o n t r i b u t i o n  Thus
Pg^CA, p) = j r^drj R^dR e ^^e r R y ^ ( r ,  R) .
C l e a r l y ,  t h i s  i s  independent  o f  m, and we have
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j l  ( j )
" '  l i l  j = L l  '  u X l  j X l  'k" jh o^ ^ k >  g > ]
= I 3 (£> 1 ) ,  say .
where P.^Cx, p) =  ^-(A p) and
3p
^4
 ^gn ( ^  * P ) ~ Ô 9" ^oc:(A»p) 
3A"3p^
These l a s t  two P f u n c t i o n s  are e a s i l y  e x p r e ss e d  i n  terms o f  K f u n c t i o n s  
by u s i n g  the r e s u l t s  o f  Appendix E and th e  r e cu rrence  r e l a t i o n  ( 7 . 2 6 ) .  
S i m i l a r l y
There are t h e r e f o r e  on ly  two b a s i c  types  o f - i n t e g r a l s  i n v o l v e d  in  the  
e v a l u a t i o n  o f  the c o n t r i b u t i o n  to the Born exchange am pli tude ,  namely 
1 , ( 1) W, £ )  and 1 , ( 3 )  ( c .  .
( c )  I , ( i . i ,  i ' j ' )
By analogy w i t h  eq u at ion  ( 7 .2 0 )  we have  
-2( i j» i ' j ' )  = - - ^ ^ j 4 l i ' ' ' ' * d r N + i  /%T ^ ^ ( l ) . . . ^ j  ( i )  . . .  (j)^ (N)
N 1 1
( I i r r r ;  r -  T;— ZTi) o . , . ,  { i , . . . , £ - l ,  N + 1 ,% + 1 , . . . ,  n ) }
n = l l - n - N + l l  l-N+1 -  I ^
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As b e f o r e ,  s i n c e  the p o t e n t i a l  part  of  the in tegrand  i s  independent  o f  
r p, there  i s  an o u t s i d e  f a c t o r  in  I„ of
d r  ( £ )
do
which i s  X ( j ^ ) .  (See equat ion  ( 9 . 8 ) . )  Tliis v a n i s h e s  u n l e s s
j = 1 ,  3 or 11. Thus 
o
( jo )
I ?  =  2 i g  ( h i ,  I ' j ' )  .
Ue c o n s id er  f i r s t  the case  in  which D. .  and D . , . ,  are i d e n t i c a l .
i j  1 J
Then the a n a l y s i s  of  §7 .3  f o l l o w s  through and we o b t a in
N
^ ■ " k  ^ ( d ) ^  ^ 5 3 d ) -  ) R „ ( j ) t  ( 9 .1 1 )
 ^ n=l  nc5
n^j n^j
where r,
;  !  ( > > ( £ )  I y  ( R )  I
K ( j )  = drldR , _ y r ----------
and R^(j)  = [
Once again th e se  K and R f u n c t i o n s  can be expr e sse d  in  terms of  s imple  n n
P f u n c t i o n s .
F i r s t ,  c o n s id e r i n g  the c o n t r i b u t i o n  ^2^^^ to  we have
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K^Cls) = cl_r r-R
- W, d, _5, _Ç) , say, ( 9 .1 2 )
By u s i n g  the  expans ion  ( 8 .1 2 )  f o r  the I s  f u n c t i o n  and w r i t i n g  
+ Cj we o b t a in
M M M M’
K 2 ( l s ) i l  "  i l  w i i
H M" M’ M
 ^ i l  w , l i  “kd ' , , X i  i l
M ’ M ’ M' M"
k=M+l (?.=M+1 k=M+l £=M’+1 ^
I T "  M M" M’
k=M’+ l  £=1  ^ k=M’+ l  £=M+1  ^ ^
M" M"
'  k = k i  " k d V i
M M "
+ ; d .F ( k ,  £) + I  d. H(k, £) .
j=M+l  ^ j=M’+ l  -]
F(k ,  £) i s  s i m i l a r  to  the e x p r e s s i o n  in  the c u r ly  b r a c k e t s  but  w i th  the  
f u n c t i o n s  P^, P2 , Py, P^g and P^^ re p lac e d  by P^, P^, P^, P^^ and P^2 
r e s p e c t i v e l y .  In H(k, £) t h e s e  f u n c t i o n s  are re p lac e d  by P2 *, P^^»
P^^ and Here, prime denotes  t h a t  the  arguments A and y o f  Ph(A, p)
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are i n te r c h a n g e d .  The P f u n c t i o n s  are d e f in e d  i n  Appendix D, 
S i m i l a r l y ,
K _ ( l s )  = K , ( I s )  = G i(d ,  5, e ,  6 , e ,  Ô)
and K^^( ls)  = = ^1 —^» A* il» 2 » Jl» _x) •
Now K r ( l s )  =  d r
dR * g r )  |*g(R) 3
5 — Ir~R
= 6 2 ( 1^, £ ,  _C, _c, _ç), say .  ( 9 .1 3 )
I t  i s  e a s i l y  shovm t h a t  i s  independent  of  the  magneti c  quantum 
number of  the  s t a t e  cfi .^ For
K j d s )  .  jd r  J d R  * , ( r )  R 2 p ^ R )  P i ™ » )  3  I  ^  r j r ,  R )
aS
X
where,  as can be seen  from e q u a t io n  ( 8 . 12 ) ,  (j)^(r) i s  p u r e l y  r a d i a l ,  and
where we have w r i t t e n  Æ» (r)  = R„ (r)  Y. ( r )  (m = 1 ) .  We have used2pm — 2p im —
the expans ion  ( 2 . 1 )  f o r  |j; “ _h| The angular  9  i n t e g r a t i o n  i s  t r i v i a l
and y i e l d s  A i r  6  . Thus
ao 3o
K ( I s )  = AttI r^drl rV   ^(R) dR y ( r ,  R)(J), ( r )
 ^ Jo Jo P
h  Id"
* , ( r )  R„ 3 (r )
d R - ’ “|_r-R|
C l e a r l y ,  t h i s  i s  independent  o f  m. Therefore
K ^ ( l s )  = 0 2 (_d, _5, _c, _5, £ ,  O  f o r  i  e t.5, l o ]  .
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Now by u s i n g  t h e  expans ions  ( 8 .1 2 )  and ( 8 . 1 3 ) ,  and w r i t i n g  
Rj = Cj + we o b t a in
G 2 d d , ç , _ ç , c , _ ç )  4„ I  d k k ’
k=l  Li=l  £=1
j = l  ' 4 o ( 5 c '  j = J l  ' 4 o ( 5 c '
1 M' ^ L L , L L»
^ ^  k X l  i l  " j i l  A l  "42(Sk- h d
'  j i  J n  ' 4 3 ( k -  h d  + g h
The r e l e v a n t  P f u n c t i o n s  are d e f in e d  i n  Appendix D. 
In a s i m i l a r  way, f o r  i  c [ 1 3 ,  18] we have
K ^ ( l s )  = _5, _a, £ ,  £ ,  £ )
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The K^(2s) and K^(3s) f u n c t i o n s  f o l l o w  an i d e n t i c a l  p a t t e r n .  They are  
ob ta in ed  from the correspond in g  K ^ ( l s )  f u n c t i o n s  by r e p l a c i n g  the  array  
(d,  _Ç) which occurs  f i r s t  i n  the  or G^  f u n c t i o n  by the arrays (£ ,  jS) 
and (_b, _x) r e s p e c t i v e l y .  Thus th e re  are on ly  two b a s i c  types  o f  i n t e g r a l  
o c c u r r in g  in  the  f u n c t i o n s  K^(n s) ,  namely G^  and G^.
We now proceed  t o  the R^(ns)  f u n c t i o n s .  In v iew  of  equat ion
(9 .  ) we need on ly  c o n s id e r  t h e s e  f o r  the s t a t e  c})^  b e l o n g in g  to the
s e t  o f  sp in-up  o r b i t a l s .  We have
R g ( l s )  = I dr dR r-R
which i s  s im ply  G^(e,  _4, _d, _e, _6) . S i m i l a r l y
R^^( ls )  = G^(b, x_, _d, x)
R , ( 2 s )  = G , (d ,  1 ,  e ,  d  d, O
R , l ( 2 s )  = G , ( b , x _ ,  e^ , _d, _d, O
R , ( 3 s )  = G , (d ,  j , ,  b ,  _x, i ,  O
R , ( 3 s )  = G , ( e ,  b ,  _x, £ ,  _d)
For k = 5 ,  6 or  7
R|^(ns) = dr ( r ) ( R ) * 2p ^ W
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By n o t i n g  the expans ions  ( 8 , 1 2 )  and ( 8 . 1 3 )  and t h e  d e f i n i t i o n  of  
? 2 g(A,  y ) , e q u a t io n  ( 9 . 1 0 ) ,  i t  i s  e a s i l y  s e en  t h a t  R^(ns) i n v o l v e s  
sums of  v a r io u s  d e r i v a t i v e s  of  ? 2^. We have a lready  shown t h a t  ? 2  ^
i s  independent  of  the magnetic  quantum number m, and i t  f o l l o w s  th a t
R^(ns)  = Rg(ns)  = Ry(ns)  .
We can e x p r e ss  R^(Is )  i n  terms o f  P f u n c t i o n s  i n  the  f o l l o w i n g  way;
R ^ ( l s )  I A 1 ^ 2 5  
k=l  ( j = l  £=1
" j i l  ( j )
j k l
" k X i  i l  + j ,
( 9 .1 4 )
" i k l  i l  ' 3 3 ^ ' d h l ( h ’ h k ) ] " f " j
L ’ L L* L
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v/here + 6 .^ The P f u n c t i o n s  are g iv en  i n  terms of  P^^ in
Appendix E, I f  we d e f i n e  the  f u n c t i o n  hy
G g(l s ,2p ,3p )  = d£ JdR Oig*(r)*2p*(E)^3p ( l )  (9 .15)
and s i m i l a r l y  f o r  o t h e r  combinat ions of  s and p s t a t e s  then
R^(ns)  = Rg(ns)  = Ry(ns)  = G2 (n s ,  2p, 2p) 
and R^gCns) = R^^(ns) = R^^(ns) = G^(ns, 3p, 3p) .
Tliis completes  the a n a l y s i s  f o r  I„ when the  determ in ants  D , .  and D . , . ,
2 i j  1 J
are i d e n t i c a l .  Next we suppose t h a t  they  d i f f e r  by two o r b i t a l s .
Let (b. and 6. be the  o r b i t a l s  which are occupied  i n  D . . ,  but  no t  i n1 Ic 1 i j  ’
D . , . ,  and 6 and 6.  those  which are oc cupied  i n  D . , . ,  but  not  i n  D . . .
1 J m ' 1 ' j '  i j
We assume t h a t  the  o r b i t a l s  i n  the  determin ants  are l i s t e d  i n  order  of
i n c r e a s i n g  p and t h a t  i  < k and m < j .  We d e f i n e  the numbers P^ .
( i  = 1 -  18) to  be the oc c u p a t io n  numbers o f  the s t a t e s  i n  a g iven
determ in ant ,  D, so  th a t  P. = 1 i f  the s t a t e  (p. i s  occup ied  in  D and i s
P
zero  o t h e r w is e .  Then we denote  by Sp the  sum ) P . .  E f f e c t i v e l y ,
i = l  ^
Sp g i v e s  the p o s i t i o n  o f  the o r b i t a l  in  the determ in ant .
By analogy w i t h  e q u a t io n  ( 7 . 2 0 )  we have
i ' j ' )  = -   ^ I  jdr^ . . .  dr _^^  ^ D { ^ ^ X l ) . . . ^ ^ ( q ) . . . ^ j  (£)  . . .
Jo^^ °
N -
. . . 4 k ( p )  * t ( H) }  ( A T p - z ; --------------------------- [)
n=l  l -n  A l + l l  I -  - N f l '
X D(c{) * ( 1 )  . . .  4, * ( r )  . . .  4) .*(N+D . . .  * . * ( S )  . . .  <p *(N)}  .r m J . J L
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This e q u a t io n  i s  r a t h e r  complicated  but i t  does s i m p l i f y  c o n s id e r a b l y .
The c o o r d in a te s  which are i n v o lv e d  i n  the  in tegrand  apart  from i n  the
w ave fu n c t ion s  are _r  ^ and _ r ^ . S ince  the  o r b i t a l s  cf)^ , 4) ,^ 4)j and
occur  in  on ly  one of  the  determ in ants  and s i n c e  the  s t a t e s  <b are  ' m h
o r t h o g o n a l ,  i t  f o l l o w s  t h a t  4>- = (p. or  (k and é. = (p or  (p..
Jo 1 k k p  m A
A l s o ,  n can on ly  take the v a l u e  p or q, accord in g  as = i  or  k .
I t  can e a s i l y  be shoim t h a t  there  are two n o n - v a n i s h in g  terms in  each of  
the d e ter m in a n ts ,  and we o b t a in  the  r e s u l t  t h a t
1
I g C i j . i ' j ' )  “ 27 'f r ~ ----f— -  4>^ (p ) \ (^ )
J l -p -N+I ' L
s  —s ,  —s .  +  s .
X ( 4 , ^ * ( N + l ) 0 . * ( p )  -  4 ^ * ( P ) * ; * ( H + 1 ) 1 ( - 1 )  ^   ^ ^ J(N )^
The m u l t i p l i c a t i v e  f a c t o r  comes from the n e c e s s a r y  rearrangement of the
rows of  the  de ter m in an ts .  Since  s p i n  must be conserved ,  there  are
f u r t h e r  r e s t r i c t i o n s  which must be c o n s id e r e d .  F i r s t ,  the  s p in  of  the
f i n a l  s t a t e  w i t h  c o o r d in a te  _r.^^ must be s p i n - u p .  Second,  the i n i t i a l
and f i n a l  s t a t e s  w i t h  p o s i t i o n  v e c t o r  _r  ^ must have the  same s p i n s .  We
d e f in e  the f u n c t i o n  T. . byknj
T. . knj ( k | d R —  |p_R|   ( 9 . 1 6 )
Then
l 2 ( i j , i ' j ’ ) = -  -  k j m )  -  '  h j e ) ]
( 9 .1 7 )
s - s ,  - s . - s .
X ( - 1 )  ” > k  1  J
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where the X f u n c t i o n s  are d e f in e d  by eq u at ion  ( 9 . 8 ) ,  We have mentioned  
b e f o r e  t h a t  X( i )  v a n i s h e s  u n l e s s  cp^  i s  a sp in-up  s - s t a t e .  I t  f o l l o w s  
t h a t  u n l e s s  at  l e a s t  one o f  (p^  and 4^  ^ i s  a sp in -u p  s s t a t e ,  then I^ i s  
z e r o .  Because of  the r e s t r i c t i o n s  due to  s p i n ,  mentioned above,  
i s  zero  u n l e s s  4^  i s  a s p in -u p  s t a t e ,  and 4^  and 4^  have the  same s p i n .
Wo now c o n s id e r  the f u n c t i o n  By comparing e q u at ion  (9 .1 6 )
w i t h  e q u at ion s  ( 9 . 1 2 ) ,  ( 9 . 1 3 )  and ( 9 . 1 5 ) ,  we s e e  t h a t  T, . i s  e i t h e r  akmj
G^, a or a G^  i n t e g r a l .  In Table 9 . 2  we g i v e  the  combinations  
of  k,  m and j which g iv e  a n on-zero  T^ ^^  ^ . I t  should  be noted  t h a t ,  f o r  
a g iv e n  h o r i z o n t a l  l i n e ,  i f  in  one column th r ee  numbers appear se par a te d  by 
commas, then i n  any o t h e r  column i n  which th r e e  numbers appear se par a te d  ' 
by commas, the correspond in g  en try  must be tak e n .  For example,  i f  k = 6 
and m = 3, then f o r  a non-zero  r e s u l t  we must have j = 14.  The combination  
k = 6, m = 3 and j = 13 i s  not  a l low ed  i n  the  t a b l e ,  and so the  corresponding  
Ï  f u n c t i o n  i s  z e r o .  The f i n a l  column g i v e s  the r e s u l t i n g  type o f  i n t e g r a l .
We can in  t h i s  way e v a l u a t e  the c o n t r i b u t i o n  l 2 ( i j ,  i ' j ' )  g iv e n  by 
e q u a t io n  ( 9 .1 7 )  f o r  any p a i r  of  de termin ants  j and B u , j ,  which d i f f e r  
by tv;o o r b i t a l s .
This  completes  the a n a l y s i s  n e c e s s a r y  to e v a l u a t e  the m atr ix  element  
( 9 . 7 )  o f  the p o t e n t i a l  V w i th  r e s p e c t  to  any two a l low ed  de term in ants .  
T h e r e f o r e ,  s i n c e  the we ight  f a c t o r s  c .  and the c o n s t a n t s  a . . are known 
we can use e q u a t io n  ( 9 . 6 )  to  c a l c u l a t e  the Bom exchange amplitude  
at  zero  energy ,  f o r  the e l a s t i c  s c a t t e r i n g  of  an e l e c t r o n  by an N - e l e c t r o n  
atom.
We have w r i t t e n  a computer program BORN which performs t h i s  
c a l c u l a t i o n .  I t  f o l l o w s  the above a n a l y s i s  p r e c i s e l y  and so we do not  
go i n t o  f u r t h e r  d e t a i l  h e r e .  The program was t e s t e d  by u s i n g  i t  to
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c a l c u l a t e  g^(0,  0) f o r  the neon atom i n  i t s  c l o s e d  s h e l l  c o n f i g u r a t i o n ,
2 2 6 .( I s )  (2 s )  (2p) , u s i n g  the t a b u l a t e d  Clementi  (1965) w a v e f u n c t io n s .
In t h i s  case  the problem reduces  to  t h a t  d i s c u s s e d  i n  §7 . 3 ,  and the  
r e s u l t s  should  agree w i t h  th ose  o f  Table 7 . 3 .  This agreement was found,
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Table 9 .2
The non zero c ases  of  T, .kmj
k m 1
Type o f  
I n t e g r a l
2 or 4 or 12 3 or  11 2 or 4 or 12 h
2 or  4 or 12 5 ,  6 ,  7 8,  9 ,  10
S
2 or 4 or 12 5 ,  6 ,  7 16,  17,  18
b
2 or 4 or 12 13,  14, 15 8,  9 , 10
S
2 or 4 or  12 13,  14, 15 16,  17,  18
b
3 or 11 5 ,  6 ,  7 13,  14,  15
b
3 or 11 13, 14, 15 5 ,  6 ,  7
b
5 ,  6 ,  7 3 or 11 13,  14,  15
S
5 ,  6 , 7 13, 14, 15 3 or  11
13,  14,  15 3 or 11 5 ,  6 ,  7 G? -
13,  14,  15 5 ,  6 , 7 3 or  11
G3
8, 9, 10 3 or 11 16,  17,  18
Gz
8, 9 ,  10 . 13,  14, 15 2 or 4 or  12
G3
8, 9 ,  10 5 ,  6 ,  7 2 or  4 or 12 G3
16,  17,  18 3 or 11 8, 9, 10
G2
16,  17,  18 5 ,  6 , 7 2 or 4 or 12
G3
16,  17,  18 ' 13,  14, 15 2 or  4 or 12 G,
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CHAPTER X
PRELBtTNAPY RESULTS
1 0 .1 .  The Programs
Ue have a s u i t e  o f  th r e e  computer programs which c a l c u l a t e  the  
Born exchange s c a t t e r i n g  amplitude  at  zero  energy .
(a)  An MCHF program.
We have two such programs, one w r i t t e n  by F i s c h e r  (1969)  and 
the o t h e r  an unpubl ished  program o f  Bagus. Tliey c a l c u l a t e  a 
c o n f i g u r a t i o n  i n t e r a c t i o n  w a v e fu n c t io n ,  as d e s c r i b e d  in  § 8 .1 .  The t o t a l  
w ave fu n c t ion  i s  w r i t t e n  in  the  form ( 9 . 3 )
Y = ) c . a . . D . .
i . j  '  '3
The are c o n s t a n t s  depending on the  g iven  c o n f i g u r a t i o n s  and are  
c a l c u l a t e d  by l l ib b e r t  ( 1 9 7 1 ) .  The are S l a t e r  de term in ants .
The Cl program outputs  the w e ig h t s  c^ and the r a d i a l  w ave func t ions  in  
numerica l  form.
(b) A F i t t i n g  Program.
This  f i t s  the numerica l  w ave fu n c t ion s  c a l c u l a t e d  by the Cl 
program to  a C le m e n t i - ty p e  a n a l y t i c  form, e q u at ion s  ( 8 .1 2 )  and ( 8 .1 3 )  
I t  i s  d e s c r i b e d  in  §8 . 2 .
(c)  BORN.
This  u s e s  the f i t t e d  w ave fu n c t ion s  and the w e ig h t s  c^ to  
c a l c u l a t e  the Born exchange s c a t t e r i n g  amplitude  g g ( 0 ,  0) ( s e e  
e q u at ion  ( 9 . 6 ) ) .
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The two v e r s i o n s  of  the Cl program were run f o r  the s i n g l e  
c o n f i g u r a t i o n  ( I s )   ^( 2 s )  (2p)  ^ of  neon and th e  r e s u l t s  f o r  the t o t a l  
energy were compared. ' The F i s c h e r  program p r e d i c t e d  a v a l u e  of  
- 1 2 8 .5 4 7 2  a . u .  which compares w i th  the Clementi  Rartree -Fock (1965)  
v a l u e  of  - 1 2 8 .5 4 7 0  a . u .  . The Bagus program produced a s l i g h t l y  h igh e r  
energy of  - 1 2 8 .5 4 4 7  a . u .  . However, f o r  the two c o n f i g u r a t i o n  case  
which we s h a l l  d i s c u s s  i n  §10.3 we were unab le  to  o b t a in  convergence of  
the w a v e fu n c t io n s  w i th  the F i s c h e r  program. For t h i s  r e a so n ,  and a l s o  
because  i t  a l lo w s  more c o n f i g u r a t i o n s  and i s  b e l i e v e d  to  be more 
a c c u r a t e ,  we choose to  use  the  Bagus v e r s i o n  of  the  Cl program.
10.,2. The o n e - c o n f i g u r a t i o n  enxample f o r  neon
Wo have run the Bagus Cl program f o r  the s i n g l e  c o n f ig u r a t io n  
2 2 6o f  neon,  ( I s )  (2 s )  (2p) , and have s to r e d  the r e s u l t i n g  r a d i a l  
w ave fu n c t ion s  on m agnet ic  tape .  These o r b i t a l s  have been f i t t e d  to  
the  C le m e n t i - ty p e  of  a n a l y t i c  form, as d e s c r i b e d  in  §8 . 2 .  Tlie i n i t i a l  
v a l u e s  of  the parameters  were chosen to  be th ose  of  the Clementi  5 - s t a t e  
f u n c t i o n ,  g iv e n  in  Table 7 . 2 .  The b e s t  v a l u e s  o f  which were  
ach ieved  f o r  the  I s ,  2s and 2p o r b i t a l s  were r e s p e c t i v e l y  . 0 3 3 ,  .42  
and .0 3 3 .  The r e s u l t i n g  a n a l y t i c  w avefunct ions  were used  in  BORN to 
c a l c u l a t e  g^(0 ,  0 ) .  I t  was found to be 5 . 0 7 2 .  Comparing wi th  Table  
7 . 3  we se e  that  al though t h i s  improves s l i g h t l y  on the pr e v iou s  Clementi  
5 - s t a t e  v a l u e ,  i t  i s  lower than the v a l u e s  from the Clementi  6 - s t a t e  and 
the  Weber e t  a l .  w a v e f u n c t io n s .  However, we would e x p e c t  t h i s  to  be 
the c a s e ,  s i n c e  the t o t a l  energy p r e d i c t e d  by t h i s  Cl w avefunct io n  i s  
lower til an the s tandard Hartree -Fock v a l u e .
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1 0 .3 .  A Ti'/o-conf i g u r a t  i on Example
We have c on s id er e d  the two c o n f i g u r a t i o n  r e p r e s e n t a t i o n  of  the  
ground s t a t e  of  the neon atom in  which we have the c o n f i g u r a t i o n s
( i )  ( l s ) 2 ( 2 s ) 2 ( 2 p ) G
( i i )  ( l s ) 3 ( 2 s ) 3 ( 2 p ) 4 ( 3 s ) 3  .
We do not  e x p e c t  t h i s  second c o n f i g u r a t i o n  to  be important ,  but  i t  i s
the s i m p l e s t  one w i t h  which to t e s t  our s u i t e  of  programs.  Hie input
data  requ ired  f o r  the Cl program has been d i s c u s s e d  in  §8 . 1 .  The
on ly  q u a n t i t i e s  which are  not  u n i q u e l y  d e f in e d  are the i n i t i a l  w e ights
Cj o f  the two c o n f i g u r a t i o n s .  There i s  no s y s t e m a t i c  way o f
e s t i m a t i n g  t h e s e ,  and we have found t h a t  the Cl programs are ve r y
s e n s i t i v e  to  the v a l u e s  chosen.  We have t r i e d  many v a l u e s  to ob ta in
r e s u l t s  from the  F i s c h e r  program but  have so f a r  been u n s u c c e s s f u l .
We have ,  however,  managed to g e t  convergence in  the  Bagus program, u s i n g
the i n i t i a l  w e i g h t s  o f  .85 and .15 f o r  the  c o n f i g u r a t i o n s  ( i )  and ( i i )
r e s p e c t i v e l y .  The t o t a l  energy of  the neon atom p r e d i c t e d  by t h i s
c h o ic e  i s  - 1 2 8 . 5 4 6 9 ,  which i s  s t i l l  s l i g h t l y  h ig h e r  than the standard
Clementi  v a l u e .
Tlie f i n a l  w e ig h t s  produced by the  program were .999,990 and
- . 0 0 4 4 5 5 .  The numerica l  r a d i a l  w a v e fu n c t io n s  f o r  the I s ,  2 s ,  2p and
3s o r b i t a l s  were f i t t e d  to the a n a l y t i c  forms ( 8 .1 2 )  and ( 8 . 1 3 ) .  For
the I s ,  2s and 2p o r b i t a l s  the i n i t i a l  parameters  were chosen to  be the
Clementi  5 - s t a t e  v a l u e s  used  e a r l i e r  in  the  o n e - c o n f i g u r a t i o n  example
and g iven  in  Table 7 . 2 .  The parameters  f o r  the  3s f u n c t i o n  were guessed ,
2
and. convergence  of  x was on ly  o b ta in ed  a f t e r  a l a r g e  number of
2 '  .
i t e r a t i o n s .  The b e s t  v a l u e s  o f  x which were obta in ed  f o r  the I s ,  2 s ,
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2p and 3s o r b i t a l s  were r e s p e c t i v e l y  . 0 4 ,  . 4 ,  .008 and . 37 .
The Born exchange am pli tude ,  g g ( 0 ,  0 ) ,  was then c a l c u l a t e d  
u s i n g  t h e se  f i t t e d  o r b i t a l s  and was found to be 5 . 0 1 4 ,  which i s  s l i g h t l y  
worse than i n  the o n e - c o n f i g u r a t i o n  c a l c u l a t i o n .
However, no r e a l  importance can be a t tac h e d  t o  th e s e  p r e l im in a r y
r e s u l t s .  The main purpose of  t h i s  c a l c u l a t i o n  has been to  t e s t  the
s u i t e  of  programs which we have d e ve lop ed .  I t  i s  c l e a r  t h a t  the Cl
program i s  v e r y  s e n s i t i v e  to  the i n i t i a l  c h o i c e  of  the  w e i g h t s  c^.
A l s o ,  we e xp e c t  the second c o n f i g u r a t i o n  which we have u sed ,
2 2 4 2( I s )  (2 s )  (2p) (3 s )  to  be un important .  Much more important  w i l l  
be th e  c o n f i g u r a t i o n  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^ ( 3 p ) ^ .
1 0 . 4 .  Conclus ions
Tlie method of  phase s h i f t  a n a l y s i s  o f  expe r im en ta l  data  has been  
s u c c e s s f u l l y  a p p l i ed  to  e l e c t r o n - h e l i i i m  s c a t t e r i n g  by Bransden and 
McDowell ( 1 9 6 1 ) .  The d i s p e r s i o n  r e l a t i o n  which was c on j e c t u r e d  by 
Gerjuoy and K ra l l  (1960)  has been t e s t e d  f o r  t h i s  ca se  and shown to  be  
c o n s i s t e n t  w i t h i n  the  e r r o r s  a s s o c i a t e d  with- i t .  We have ap p l i e d  a 
s i m i l a r  techn iqu e  to  the problem of  e l e c t r o n - n e o n  s c a t t e r i n g ,  our aim b e in g  
to  t e s t  the d i s p e r s i o n  r e l a t i o n .  Our i n i t i a l  c a l c u l a t i o n  r e s u l t e d  in  a 
d i s c r e p a n c y  in  the  d i s p e r s i o n  r e l a t i o n  e v a lu a te d  at  zero  energy .  There 
are two p o s s i b l e  c o n c lu s i o n s  which can be drawn from t h i s .  F i r s t ,  the  
c o n jec tu r e d  d i s p e r s i o n  r e l a t i o n  i s . n o t  v a l i d ,  or  s e c o n d ly ,  there  are  
e r r o r s  i n  our c a l c u l a t i o n s  of  the q u a n t i t i e s  i n v o lv e d  i n  i t .  This  
l a t t e r  p o i n t  needs f u r t h e r  i n v e s t i g a t i o n .  There are two sources  of  
e r ror  i n  our c a l c u l a t i o n .  There are u n c e r t a i n t i e s  i n  the adopted v a l u e s  
of  the  t o t a l  c r o s s - s e c t i o n ,  because  of the l a c k  of  d i r e c t  exper im enta l  
measurements and the r e s u l t i n g  i n t e r p o l a t i o n  i n  the i n te r m e d ia t e  energy  
range .  A lso  the Born approximat ion to the exchange s c a t t e r i n g  amplitude
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g^(0 ,  0 ) ,  i s  v e r y  s e n s i t i v e  to  the ground s t a t e  wavefunct ion  of  the neon 
atom. The standard Clementi  Hartree -Fock f u n c t i o n s  may n o t  be accurate  
enough.  This  l a s t  p o in t  can be t e s t e d  by r e p e a t i n g  the c a l c u l a t i o n  
w ith  a h i g h l y - c o r r e l a t e d  c o n f i g u r a t i o n  i n t e r a c t i o n  type of  w a v e fu n c t io n .  
We have deve loped a s u i t e  of  computer programs to  c a l c u l a t e  g g ( 0 ,  0)  
u s i n g  a Cl w a v e f u n c t io n ,  but  a t  p r e s e n t  t h i s  work i s  i n  a p r e l im in ar y  
s t a g e .  Our programs have been t e s t e d  by c o n s id e r i n g  a two 
c o n f i g u r a t i o n  example.  There s t i l l  remains a l o t  to  be done in  
i n v e s t i g a t i n g  the  importance of  such an approach,  the most  immediate  
problem b e i n g  the c a l c u l a t i o n  of  the Bom exchange amplitude  
i n c l u d i n g  s e v e r a l  c o n f i g u r a t i o n s  i n  the  neon w a v e f u n c t io n .  This work 
i s  in  p r o g r e ss  a t  the  p r e s e n t  t ime.
To conc lude  then ,  a l though at  the  moment t h e r e  i s  a d i s crepancy  
in  the  d i s p e r s i o n  r e l a t i o n  f o r  e l e c t r o n - n e o n  s c a t t e r i n g ,  i t  i s  thought  
l i k e l y  t h a t  t h i s  i s  due to e r r o r s  i n  our c a l c u l a t i o n s .  Much more 
e xper im en ta l  da ta  on the  t o t a l  s c a t t e r i n g  c r o s s - s e c t i o n  i s  requ ired  
p a r t i c u l a r l y  i n  the  i n te r m e d ia t e  energy r a n g e .  A l s o ,  the  Born exchange  
s c a t t e r i n g  ampli tude must be e v a lu a te d  u s i n g  a very  ac c u r a te  ground 
s t a t e  neon w a v e fu n c t io n .
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A P P E N D I X  A
We c o n s id e r  the J i n t e g r a l s  which are d e f in e d  by e q u a t io n  ( 5 . 5 )
3 % , =  J dr2P(7s.r^)P(k^%^,r^)P(k2%2,r2)
4
( A. l )
 ^ (^4*4'  ^ 3*3) '4
For r eason s  e x p l a in e d  in  the t e x t  we take = 1.  The appropr ia te  
6 f u n c t i o n  i s  g iv e n  by Sack (1964) :
1 1 ^1  ^ ^9 3
3 i ( r i , r 2 ) =  | ( — — z i )  “
^1 ^2
We w r i t e  e q u a t io n  ( A. l )  in  the form
= P (kQ £,r^ )P(kg£2 ,r^)g (k ^p ,r^)dr^ (A.2)
where
s(% 4P,r i )  = 2r.
dr.
0 ^2
P ( l s , r 2 ) P ( k ^ p , r 2 )  + iN(r^)
w i th
r \ . +  r.N(r.) = I dr P(ls,r2)P(k,p,r2) (-j^  + —^)log(-ji-—r)
Jq r /  r„ I 1 2 1
The f i r s t  i n t e g r a l  in  g can be e v a lu a te d  n u m e r ic a l ly  as i t  s t a n d s ,  but  
N(r^) has a l o g a r i t h m i c  s i n g u l a r i t y  a t  the  o r i g i n .  We transform N(r^)
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i n t o  a form s u i t a b l e  f o r  the a p p l i c a t i o n  of  the K r i lo v  formula.  
We have
(«’ • , ,  k l  1 1
N(r^) =  J  d r ^ h C r ^ )  ( — 2 +  — 2 )  l o s ( t ^ + r 2 ) -  J  d r 2 h ( r 2 ) ( —  j ) l o % \ r ^ - r
0 -  -  I 2" " " 0 -  -  r^-  r2^ " %
(A. 3)
2t-| -j 1 I™ 1 1
' dr„h(r  ) ( — ^ — - % ) l o g | r . - r  | -  I dr h ( r  ) ( — H---- y ) l o g | r - r  |
U  k  r /
where h ( r )  = P ( l s ,  r )P (k^p,  r ) .
^ l “ ^2 ^2~^1The s u b s t i t u t i o n s  y = ---------- , y =   and y = r y - 2 r ,  are mader^ r^ 2 1
i n  the secon d ,  t h i r d  and f o u r th  i n t e g r a l s  r e s p e c t i v e l y  on the r . h . s .  of
e q u a t io n  ( A. 3 ) ,  g i v i n g
A l l  I J- 1 1
N ( r A  = h ( r _ ) ( —  ^ +  y ) l o g ( r  +r ) -  r dy h ( r , - r  y ) ( — -  + ---------------x)
Jo A  A  A  ( w )
X l o g ( r ,  y)
1 1 1
r dy h ( r  + r ^ y ) ( — r- + ---------------y ) l o g ( r  y)  (A.4)
no
dy h ( y  + 2r J  (— r + ------------- y ) l o g ( y  + r - )  .
0 r^^ (y+Zr^)^
Tlie second term, Y s a y ,  i n  t h i s  e x p r e s s i o n  can be w r i t t e n  as the sum of  
two terms,  one i n v o l v i n g  l o g  r^ and the  o th e r  l o g  y :
(1
dy h ( r .  -  r . y )  (-
X  - 1  u -
= r . l o g  r ,  I ( - ^ ?  + ---------   y)
 ^  ^ r /  ( r ,  -  r \ y ) ^
|1 1 1
+ r dy h ( r ,  -  r y) (— » + ---------------x) l o g  y
 ^  ^ r /  (r^-r^y)^
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The f i r s t  term i n  Y can be s i m p l i f i e d  by making the  s u b s t i t u t i o n
X = ( l - y ) r ^ .  That i s
Y = l o g  r.
r i  X
 ^ dx h ( x ) ( — + ~ )  + r l o g y  dy h ( r , - r . , y )  ^  + ------- -------
-- -  (r^ -r^y)^
The t h i r d  term in  eq u at ion  ( A. 4)  can be t r e a t e d  s i m i l a r l y  to  Y u s i n g  the  
s u b s t i t u t i o n  x = (1 + y )r^  and we o b t a in  as the f i n a l  e x p r e s s i o n  f o r
N(r^)
N(r^) = h ( i c ^ ) ( r ^  + —i ^ ) l o g ( r ^  + ^ 2  ^^ ^2
k ^ l  X X
-  l o g  r., dx h ( x ) ( — y + —y)
Jo r ^  X
-  r. dy l o g  y (— +    ^ )h ( r . , - r  y)  + (—~  + ------  - )
0 t f  (r^-r^y)  r^ (r^+r^y)
'  1 1
d y (— -  + -------------x01og(y + r . ) h ( y  + 2r ) .
Jo r^^ (y + 2 r i )^  ^
In t h i s  form a l l  e x c e p t  the t h i r d  i n t e g r a l  in  N(r^) can be 
e v a lu a te d  d i r e c t l y  u s i n g  a Simpson’s r u l e . The remaining i n t e g r a l  can 
be performed by u s i n g  a 5 - p o i n t  K r i lo v  formula ,  which f o r  a f u n c t i o n  
f ( y )  i s
|1 5
I f ( y ) l o g y  dy = I  
J 0 n=l n
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where the w e ig h t s  w and the a b s c i s s a e  y are g iven  in  Table A . ln -'n
Table A . l
The K r i lo v  Weights  and A b s c i s s a e
n w e ig h t  0)" n a b s c i s s a e
1 .297893 .029345
2 .349776 .173977
3 .234488 .411703
4 .0989305 .677314
5 .0189116 .894771
n
Now the f u n c t i o n  P(k^p,  x) o c c u r r i n g  in  h (x )  has been  e v a lu a te d  
and s t o r e d  a t  475 p o i n t s  as d e s c r i b e d  i n  § 2 . 1 ,  The v a l u e  of  the  
f u n c t i o n  P(k^p,  r^-r^y^) i s  taken to  be the  v a l u e  o f  P(k^p,  y)  where y 
i s  the n e a r e s t  p o i n t  to  r^-r^y^ at  which the f u n c t i o n  has been s t o r e d .  
This w i l l  n o t  in tr o d u c e  any i n a c c u r a c i e s  s i n c e  the mesh s i z e  in v o lv e d  
i s  so  s m a l l .
A 4 7 5 - p o i n t  Simpson’s r u l e  was used  to  e v a l u a t e  the  f i n a l  
i n t e g r a t i o n  over  r ,  i n  e q u at ion  ( A. 2 ) ,  thus g i v i n g  the  f u n c t i o n
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APPENDIX B
We g i v e  here  an o u t l i n e  of  the  method which was f i r s t  proposed by 
Bransden e t  a l .  ( 1 9 5 4 ) ,  of  e v a l u a t i n g  the  f u n c t i o n  M(A, p) d e f in e d  by
M(A,p) = |d_r^
-Ar^ -ur^  
e____________ e______e_____
1^1 -  ^2 I
( B . l )
We d e f i n e  the  f u n c t i o n  M(A, p) by
M(A. y) = jdr^jdr^ e e
^1 ^2
(B. 2)
so t h a t k) (B.3)
By making use  of  the  txvo r e s u l t s  ( s e e  Dwight)
V - ^ 2 '  A J o
-Ar.
/iïJ 0
dy e
we have
M(A, p) =
, 2  2 
—  + -Ü— )
8 r .  !” . r .  4y2 4z^
TT
3/ 2 dx j dy0 Jo
dz e N(x,  y ,  z)
0
(B.4)
where
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N ( x , y , z )  =
N was e v a lu a t e d  by Bransden e t  a l .  and shown to  be
-  /4q
N(x, y ,  z) =
(kV  + + z 2 x 2 ) 3 / 2
( B. 5)
w i th
2 2 ^  2 2 _ 2 2x y  + y z  + Z X
7 7 7 —
By making the s u b s t i t u t i o n s  x = RcosG, y = RsinGsincj), 
RsinOcos^,  and combining ( B. 4)  and ( B. 5)  we o b t a in
— 0/0 9 'TT
M(X, ]^ ) = 8m ' R dR 
•'0
/2  | it/2 -Ç/R
sinGdG I d6e 
0 R^sin^eL^/^
2 . 2 . 2  2 where L = cos 0 + s i n  Osin (j)cos < ( B . 6 )
and E .  .
4" L . 2a . 2^ . 2 ^  2s i n  Osin (|> ■ s i n  Ocos '
The i n t e g r a t i o n  over  R may be c a r r i e d  out  u s i n g  the formula (Watson 
1944)
2(2C)"
— 3 /  2 /and so M(A, y)  = Bm d(cosO)
-*0
72
4 Ç s i n ^ 0 L ^
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We w r i t e
X = k^sin^O sin^4'cos^<|j + (A^cos^4> + J-i s^in^ <j)) L (B. 7)
= L. 4 c o s 4^^  s i n ^ 0 s i n ^ 4'. 6,
then
0 7  rr/2 3 , 3 .
M(A, y) = 16m j d(cosO)J dlcj) -tJH—-
We n e x t  make the s u b s t i t u t i o n s  y = cosG and x = cos2^and o b ta in
1 , 1  9
2f , d x ( l - x - )M(A, y) = 4m^  dy
Jq ''-1 4x
A l s o ,  by combining ( B. 6)  and ( B. 7)  we can f a c t o r  out  the y dependence
2of X and e xp r e ss  i t  i n  the  form A+By where  
A = | ( l - x 2 ) k 2  + + yZ fiZ ^j
(B.8)
and B = -  | ( l - x “)k^ + (1 -  | ( l - x ^ )  (A^ (-^^) + y ^ ( -^ ~ ))
Thus
M(A, y)  = TT^ I dy d x ( l - x  )
-1  (A+By2)^/2
Tlie i n t e g r a t i o n  over  y i s  now s t r a i g h t f o r w a r d ,  and
H(A. M) = M k z h
—1 a / a+'b
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From e q u a t io n  ( B . 8 ) ,  A+B = A^(-i^)  + = p “  ^ s a y . Also
A = I (1 -x^) (k^+p^)  and thus
M(A, y) = TT^ I  b~ ~ ?  '
-'-1 P(k^ + p )
where dx = P , The i n t e g r a t i o n  over  p i s  t r i v i a l  and we o b t a in  as 
A - y “
the f i n a l  e x p r e s s i o n  f o r  M
M(A, y) = — -Ô— Ç tan ^(-^) -  tan ^(-j^) i  
( A - y ^ ) k ^  o
By d i f f e r e n t i a t i n g  w i t h  r e s p e c t  to  A and y i n  turn we o b t a in  the  
r e s u l t  f o r  M(A, y) g iv en  in  e q u a t io n  ( 7 . 3 1 ) .
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A P P E N D I X  C
In t h i s  appendix we g iv e  a b r i e f  account  of  the c a l c u l a t i o n  of  
the f u n c t i o n  ( A, y) which i s  d e f in e d  by
( s e e  e q u a t io n s  ( 7 . 40 )  and (7.41)) .  C le a r ly
k
K^ dK , iK+klOR
0 (K^+A^)J(K-+y^)^
That i s
M * ( x ,  w)  = 7 ^  :
where
J = r  K^logjK+kl JK r  K^lnglK-kj dK
Jo (k2+A2)3(K2+^2)3  (2^ +^2)3(y .2+ ^2)3
The second i n t e g r a l  has a l o g a r i t h m i c  s i n g u l a r i t y  a t  the o r i g i n  
and so we f o l l o w  a technique  p a r a l l e l  to  t h a t  used in  Appendix A to 
e xp r e ss  i t  i s  a form s u i t a b l e  f o r  the a p p l i c a t i o n  of  the K r i lo v  formula.  
We s p l i t  the range i n t o  three  p a r t s ,  0 to  k ,  k to 2k and 2k to  «>, and 
make the s u b s t i t u t i o n s  y = y = —p— and y = K-2k r e s p e c t i v e l y .  We
then o b t a in
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j K^log |l\+k I clK_______________ k ^ ( l - y )  ^ log (k y )k  dy_____
*0 (K^+ A^)3(K2+y2)3 J0 (k^( 1 - y ) ^ ( k^( 1 - y ) y^)
 ^ k^ ( 1+y) ^ log(ky)kdy___________  ^ (y+2k) ^log(y+k) dy
0  ( k ^  ( l + y ) 2 + A ^ ) 3 ( k ^ (  1 + y ) 2 + p 2 ) 3 0 ( (y+2k)2+A2)3( (y+2k)2+y2)3
Til a t  i s
J  =  J t ( 0 ,  ~ )  -  J ^ ( 0 ,  1 )  -  J ^ C O ,  1 )  ( C . l )
whe re
K^logIK+kIdK _ (y+2k)^ log(y+k)dyT  r n  o o l  =  I V  J - U M ,  I__________ H U ' V _____________  v y - r ^ . . y ______________________________________________
 ^ ' L .  (K^+A )^^K^+y )^  ^ Jo ((y+2k)2+A^)3((y+2k)2+p2)3
Jn( 0 ,  1) = k ^ [ ( g ( a )  + g ( b ) )  l o g  k dy (C.3)
Jo
and
1
( g( a)  + g ( b) )  l o g  y dy
0
8 3 (0 , 1 ) = 1/+
w i th  g (a) = --------------------9  9  9  9  9  9 9 3
( k " ( l - y ) ^ + A - ) J ( k ^ ( l - y ) < t y ^ ) ^
and g(b)  = ( 1+y)
( k 2 ( l + y ) 2 + x 2 ) 3 ( k 2 ( l+ y ) 2 + u 2 ) 3
The i n t e g r a l  J 3 can now be e v a lu a te d  n u m e r ic a l ly  u s i n g  the 5 - p o i n t  
K ri lo v  formula,  g iven  in  Appendix A. A t e n - p o i n t  Gauss-Laguerre  
quadrature i s  a p p l i e d  to  We n e x t  c o n s id e r  the remaining i n t e g r a l ,
J 3 , and we make the  s u b s t i t u t i o n s  z = 1 -  y and z = 1 + y in  the g (a)  and
g(b)  p a r t s  of  J^,  r e s p e c t i v e l y .  Then
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JgCO, 1) = k l o g  k
3 ,z  c T z
0 (k2z2+x2)3(k222+^2)3
2 2We make the f u r t h e r  s u b s t i t u t i o n  z = y /k  and o b ta in
3 3 (0 , 1) = %log k
4k X dx
0 (x^+Bx+c)^
2 2 2 2 . . . • where B = X + y and c = X y . This  i n t e g r a l  i s  s t r a ig h t fo r w a r d ;
there  are two c a s e s  to c o n s id e r ,  X = y and X  ^ y .  I f  X =y, we have
3 3 (0 , 1) = k l o g  k
4k/ X dx
Jo (x + X^)^
and thus ,  on i n t e g r a t i n g  by par ts
J , ( 0 ,  1) = lo g ()'^+20k^) 
lOX" 10(4k^ + X^)^ 1 (C.4)
I f  X  ^ y,  the i n t e g r a l  i s  more c o m p l ic a te d ,  but  can be e v a lu a te d  u s i n g  
known r e s u l t s  (Di-zight) to  g iv e
2 , , 2 .  2\  . .^2  2
T rn n  = r 4k (X +u ) + 2X y
2^ ’ J , , ^ 2  2 , 2  L , , , ,  4 . , 2  2 , , , 2  ,4 (X " - i7 )"  "X16k"+(X"+y")4k"+x2y2)2
3(>^+y^)(8k^+A^+y^)_________________ 6(X^+y^)
(X^-y-)2 (16k4+(x2+y2)4k2+x2+y2) (x2_^ 2) j
l o g
4k^+y2
4k^+X^
2 + ] (C.5)
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By combining the r e s u l t s  o f  e q u a t io n s  ( C . l )  -  (C.5)  we o b t a in  a v a lu e  
f o r  the i n t e g r a l  J and hence f o r  M^(A, y ) .
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APPENDIX D
There are s i x  b a s i c  types  o f  i n t e g r a l  which occur i n  the  
e v a l u a t i o n  of  the Born exchange amplitude  f o r  s c a t t e r i n g  by the  neon 
atom in  i t s  ground s t a t e  as d e s c r ib e d  in  §7 .3 .  Tliey are P^, Pg,  
P f2 , P33 and P^, and they are d e f in e d  by
P ^ ( A ,  m )  =  J d j r I -Ar - y R ^ — „dR " -rF  J p r r - - -  R r Ypo(R)?pi(R)Ypp*(r)
Pg(A, y) = Jd£ jd_R
10
L- -  R
P ] l ( A ,  y )  =
'-----— Ar ~yR 2 „
I  ^  ^  ^  ^ 10 — r  2 /\ 12 1
drIdR -------1----- x-i-------— --- L4|Y^^(R) | | ] (D.l)
r - R 10
, - x r  — IR _
v)  =  2 | c1t | cIR e  e  e  „N  -  | r -  B |  Y i o ( È ) Y , p | ) Y ^ p ( £ )
y)  =
, e - ’7 - ^ V " ’^ RY,WR)
'JjlJ '’1 ------------[ p iT Y l -------------
, -Xr -pR +1
P^(X, p) = Jc lrJdR  ^ | r '/ R | -  •' (D.3)
Each of  the o th e r  P f u n c t i o n s  can be e x p r e ss e d  as s im ple  d e r i v a t i v e s  
o f  t h e s e  w i t h  r e s p e c t  to  A and y . We d e f i n e
P ,  ( x , p ) .
3p 2 1
P 3 (A,y) = - — P 3 (A,y),
3A3y
- 1 8 3
2
9y
2
P ^ ^ C A j p )  =  P g ( A ,  y )  ,  P ^ ^ ^ ( A , y )  = - 9^ R p 3 ^ A , y )  ,
aPj^CA.y) .
PlôCX.y)  = ^  , P^^(A,y) = P^g(A,y)
PgfA.y)  = + - ^  ?4(A,  y) .
Thus i f  we exp r e ss  the b a s i c  P f u n c t i o n s  i n  terms of  the K and K
P
f u n c t i o n s  g iven  in  Table 7 . 1 ,  then we can e a s i l y  o b t a in  e x p r e s s i o n s  f o r  
the  o t h e r s  by u s i n g  the  r e cu rrence  r e l a t i o n s  ( 7 . 2 6 ) .
The b a s i c  i n t e g r a l s  P^, Pg and P^^ can be e x p r e ss e d  as 
combinat ions  o f  K and f u n c t i o n s .  In each c a s e ,  the angular  
i n t e g r a t i o n  over R can be c a r r i e d  out  by u s i n g  the expans ion  ( 2 . 1 ) ,  
l e a v i n g  a s im ple  i n t e g r a t i o n  over  the  r a d i a l  c o o r d in a te  R. We obta in
P^(A,y)  = 4it|[—g K(A, - 1 )  y K(A+y, 0 ) -  K(A+y, “ 1)J
y y “ y
P ç ) ( A » y )  [ —  Kp ( A,  - 1 ) ------ 2 ^ p (^ ^ ^ *  K p ( A + y ,  - 1 ) ]
y y y
P^g(A,y)  -  /l2m ( - i )  ( A, - 3 )    K (A+y, 0) (A+y, - 1 )
y y ^ y
-  Kp(A+y, - 2 )  -  ~  Kp(A+y, " 3 ) J  .
The f u n c t i o n s  P^^ and P^^ a l i t t l e  more d i f f i c u l t .  However, a s im ple
r e s u l t  can be ob ta in ed  in  the f o l l o w i n g  way. We use  the expans ion ( 2 . 1 )  
and n o te  t h a t  Y^^(_r) = /3/4m cos0 and Y^^(£)  = /3/8m s in0e^^ in  the  
usua l  s p h e r i c a l  p o la r  c o o r d i n a t e s .  Thus, from equat ion  ( D . l )  we have
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n 3 /  2 [ _ A I — 1 iD O O O
P ^(A,p)  = (— ) |d£e e r côs 0 dR e R ( 2 s i n  8  ^ + cos 0^)
'  X   ^. 2 ^1=0 m=-&
where R) = Lm in(r, [iTiax(r, R)J . There are two v a lu e s  o f  l
which g iv e  a non -zero  c o n t r ib u t io n  to  namely î  = 0 and 1 = 2 .
In each case  the angular  i n t e g r a t i o n  over  ^  can be c a r r i e d  o u t ,  and we 
have
c - ' f  r cosO^ e ' - R^dRe?"*
0
(D .4 )
^ - ^ Y ^ ( r ,  R) -  - ^ Y 2 ( r ,  R ) . K 3 cos“ 0 ^ -  1 ) ^
The e x p r e s s i o n  (D.2)  f o r  P^2 ^A,y) can be s i m p l i f i e d  by n o t in g  
t h a t  Yp^(^)Y^^(R) = /3/20m ( j l ) , and thus there  i s  on ly  one
- Ic o n t r i b u t i o n  from the sum a r i s i n g  from the- expans ion  of  | r  -  R| , namely
f o r  & = 2 and m = 1. Then
i k . r
P . g (A, y) = “ 4  y — I dr e ^^e r ( c o s 0  -  cos^0 ) . |  R^dRe 12 5 . 4m J — r r Jq
(D.5)
X Y2^^» R)
^11 ^12 G e r cosG^I R"^dRe‘^ [^5YQ(r, R)- R)] •
Equations (D.4)  and (D.5)  can be added t o g e t h e r  to  g iv e
i k . r — A r ie r COS0
0
We now carry  out  the r a d i a l  i n t e g r a t i o n  over R and exp r e ss  the r e s u l t  in  
terms of  the f u n c t i o n s  g iv e n  in  Table 7 . 1 .  We have
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P l l + P l 2  = K ( À , - l )  -  7  K ( 1 . - 3 )  -  ^  K (A+p, 2)
^  y y y
-  K ( A + y ,  1 ) -----^  K ( A+ y ,  0 )  + ^  K ( A+ y ,  - 1 )
y y y
+ K (A+y,  - 2 )  + K (A+y,  - 3 } |  .
y y J
The remaining P f u n c t i o n  P^ i s  d e f in e d  by eq u at ion  ( D .3 ) .  We use
the e xpans ion  ( 2 . 1 )  to o b t a i n ,  in  the u s u a l  n o t a t i o n
j I - A r - y R + i k ^ r  1 ,
P ( x , p ) =  dr d R e  rR  ^ ^  ( r ,  R)
J {  m =-l a,B
The angular  R i n t e g r a t i o n  y i e l d s  a f a c t o r  and so
, - A r + ik .£  9 _ p 1 /
P ^ ( x , p )  = I d r  e r |  R h R e - d \ ^ ( r , R )  [  ^  Y^^(r)
J Jo m=-l
Now |Y^q ( £ ) | ^  + 2{Y^^(r ) |^  = 3/4m and t h e r e f o r e
, i k . r  o Ü
P^(A,y)  = jd r  e e r j  R e ^  y ( r ,  R) .
The R i n t e g r a t i o n  i s  s t r a i g h t f o r w a r d  and we o b t a in
P ^ ( X , p )  = 3  K ( x , - 1 )  -  ^  K ( X + p ,  2 )  -  K( X+p ,  1 )
y y y
-  K ( A + y ,  0 )  -  K ( A + y ,  - 1 )
y y
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P f u n c t i o n s  which are h ig h e r  d e r i v a t i v e s  of  the  f u n c t i o n  P^ are  
needed i n  the e v a l u a t i o n  o f  g g ( 0 ,  0) f o r  the N - e l e c t r o n  atom. We 
g i v e  a l i s t  of  t h e s e ,  d e f i n i n g  them i n  terms of  P^. They are e a s i l y  
c a l c u l a t e d  e x p l i c i t l y  by n o t in g  the recurrence  r e l a t i o n  ( 7 . 2 6 ) .
1)3
P o q ( A ,  y )  = -   X P-, ( A,  y)
^ 4 0 ^ ^ *  y )  = " " 4  R i ( A ,  y )
3  y
8 / 1  ( A,  y)  = — ---------r P ,  ( A,  y )
3 A 3 y
P4 2 CA, y )    T 8 i ( A ,  y)
3  A 9  y
,5
8 4 4 ( a ,  y )  = — 9— Ô 81 ( A,  y)
3A 3y
,6
8 4 c ( A ,  y )  = — 9— 4 81  ( A,  y)  
c O r a y T
] 3^
" 4 V 7 T  '''>
9y
1 3?
8 ^ ^ ( A ,  y )  6  ^ 1 ^ ^ '
d A d l J
1 3%
^2 4 ( 1 » P) -  4„ 2 6
9  A 3  y
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APPENDIX E
Tlie f u n c t i o n  P^^ i s  d e f i n e d  by
dr dR e- Ar-yR ir -  R
I t  i s  shown in  the t e x t  t h a t  P^^ i s  independent o f  m and v a n i s h e s  
u n l e s s  m = m’ . Then
?25(A,  y) -"3 cire ^^r R^dRY^(r,R)e .
The r a d i a l  i n t e g r a t i o n  over R i s  t r i v i a l  and we e a s i l y  o b t a in  the  
e x p r e s s i o n  f o r  8^^:
P j s d " " )  = -  2) -  1) -  ^ 4  K ( l+ P ,  0)
y y y
-^K(A+y, - 1 )  + ~  K(A, - 1 )
y y
The v a r io u s  o the r  P f u n c t i o n s  which occur  in  the expans ion  
( 9 . 1 4 )  f o r  the f u n c t i o n  d e f in e d  by e quat ion  ( 9 .1 5 )  can be expressed  
as d e r i v a t i v e s  of
26
- —  p
3 y 25' 33 3A"3y 25
» =  ——  p
27 . 2 ^25'3y 30
8 o .  ,
28
j r  
9 y
3 ^25' 31 3A23y2 25 '
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^29 '  3,4 h 5 >  ’’32 ‘ 25
Hence,  in  v i e w  of  the recurrence  r e l a t i o n  ( 7 .2 6 )  we can e a s i l y  express  
t h e s e  f u n c t i o n s  as combinat ions of  the K f u n c t i o n s  g iven  i n  Table 9 . 1 .
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Elastic scattering of slow electrons by helium
M Knowles and M R C McDowell
D epartm ent o f  M athem atics, Royal Hollow ay College, Englefield G reen, Surrey 
MS received 8 Septem ber 1972
A bstract. T he optical potential m odel o f Pu and C hang  is extended to include EPV  d ia­
gram s. C alculations are  carried out for the s, p and  d wave phase shifts at energies up to 
17 cV. T he results for s and p waves are in close agreem ent with those of o ther recent calcula­
tions and, with a phase shift analysis of experim ental data . The d wave results lie between 
the full polarised  orbita l and the G reen function expansion results. It is shown that th ird  
o rder diagram s are required for an accurate  evaluation  of the static polarizability, yielding 
a  =  1-372 a l ,  and  estim ates are m ade of the th ird  o rder correction  to  the d wave phase shift, 
which brings the optical potential values into good agreem ent with the full polarized orbita l 
results.
1. Introduction
Considerable advances have been made recently in understanding the elastic scattering 
of slow electrons by helium atoms. Theoretical studies by Callaway and his collabora­
tors (LaBahn and Callaway 1966, Callaway et al 1968), using variants of the polarized 
orbital approach, have led to values of the s and p wave phase shifts in good agreement 
with those derived directly from elastic scattering experiments (Andrick and Bitsch 
1972) and from a phase shift analysis of experimental data (Bransden and McDowell 
1969, McDowell 1971, Bransden ef a /1973). These results also agree well with those of an 
optical potential approach by Pu and Chang (1966) and of a Green function analysis 
by Yarlagadda et al (1972). They are discussed in more detail in a review by Drachman 
and Temkin (1972), who also discuss the results of a full polarized orbital calculation by 
Duxler et al (1971). However, the d wave (/ = 2) results obtained in the different variants 
of the polarized orbital treatment differ considerably and disagree with the values 
proposed by McDowell (1971) on the basis of a phase shift analysis of experimental 
data.
Kelly (1967) has pointed out that the optical potential calculation of Pu and Chang 
(1966) is incomplete, certain second order terms being omitted. Pu and Chang restricted 
their work to second order in perturbation theory (omitting terms discussed below), 
considered the s and p wave phase shifts only and allowed only s, p and d intermediate 
states. In this paper we extend their work to remove these deficiencies, presenting what 
we believe to be a complete second order calculation.
In § 2 we review the relevant results of Brueckner-Goldstone perturbation theory 
and give an explicit expression for the optical potential.
In § 3 we present explicit expressions for all the second order contributions to the 
elastic scattering phase shifts. Our results for the s, p and d wave shifts, correct to second 
order, are presented in § 4 and are compared with experiment and with the results of
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other theoretical models. Third and higher order contributions are discussed in § 5 
and our conclusions presented in § 6.
2. Theory
The model adopted is that of Pu and Chang (1966), so that only a brief outline of the 
theory need be presented.
2.1. B ru eckn er-G o ld s to n e  pertu rb a tio n  th eo ry
The problem considered is that of scattering of an electron by a neutral atom with N 
atomic electrons which interact through two-body potentials. The total hamiltonian 
for the system is
N+i  N +l
H = z  7]+ I  v,j (1)
1=1 i < j
where is the mutual Coulomb interaction between electrons / and j  and 7] is the sum 
of the kinetic energy of the /th particle and all the one-body potentials acting on it. 
Schrodinger’s equation for the system is
/yVp(N+l) _  £Vp(/V+l) 2^)
where E is the total energy of the system.
The effect of the N interacting particles can be approximated by a single-particle 
potential Vy, thus, the true state of the system is approximated by an unperturbed state 
function ’ and hamiltonian Hq,
N+Ï  N+l
« 0 = z  ( t ; + k ) =  z  « 0, (3)
i =  1 t =  I
with
H X Ô * "  =  (4)
The difference between the total and unperturbed hamiltonians is denoted by H';
thus
N+l  N+l
H' =  H - H o  =  Z  Z  (5)
i<J 1=1
The choice of the one-body potential 1/ is arbitrary; but it is taken to be hermitian,
so that the single-particle wavefunctions which are solutions of
= (2i+ (6)
form a complete set. The unperturbed ground state of the target \  is the Slater 
determinant formed from the N lowest energy solutions of (6) (allowing for spin and 
orbital angular momenta). The corresponding unperturbed function for the total 
system is formed by adding a suitable solution of (6) to describe the free electron.
We refer to those states which are occupied in as unexcited states and all other 
</)„ as excited states. An unoccupied unexcited state is called a hole and an occupied 
excited state is called a particle. The complete set of (f)„ is used as the basis for a perturba- 
tional expansion for the solution D of (2).
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When considering a system of identical fermions, the second quantization approach is 
useful; the creation and annihilation operators for single-particle states satisfy the 
Fermi-Dirac anticommutation relations, so that the Pauli Exclusion Principle is satis­
fied. In this formalism, equations (3) and (5) become
H ' = Y. Z  (8)
p , q , m , n  p . m
Here, //*, are the usual creation and annihilation operators for the states (/>„ and the 
matrix elements are given explicitly by
ipq\v\mn} = J  J  dr dr'
ip\V\m} =  J  0*(r)F(/')0Jr)dr.
The summation is over distinct matrix elements only.
It is shown by Goldstone (1957) that the true ground state of the atom, is 
given by
where
f  ( - 0 "  ! . . .  (  / f ' ( i , ) . . . H ’( O d r , . . . d r ,  (10)
« = 0 »' 2 
I > f l  >t2>
and
H’{t) =  (11)
By use of Wick’s theorem, may be represented by a sum of distinct Feynmann 
diagrams, in which a ‘particle’ is represented by a line directed upwards and a ‘hole’ by a 
line directed downwards. By Goldstone’s factorization theorem, putting £q = EQ — jk l ,
® ‘"' =  f '• ( T tT  ^ ')  ( 12)n = 0 \^Q ~^0  I
where the sum is over linked diagrams only, that is, ones which have no part totally 
disconnected from the rest of the diagram.
Similarly, the true solution for the entire scattering system is
'{''"■"‘’ = 1'' i r - c — r-W'in"*"- (13)
„ = o \ t  — t tQ  +  ie I
It was first shown by Bell and Squires (1959) that, by projecting on to
one obtains the true scattering wavefunction x(ko) for the incident electron.
x(ko) =  « ' I 'k ' " - " " )
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that is, X is the sum of all linked diagrams having a particle line /cq at the bottom and 
one particle line at the top.
2.2. An explicit expression for the optical potential
In this method the effect of the target atom on the scattering particle is represented by 
an equivalent one-body potential, the optical potential, H/p. Then the scattering wave- 
funclion x(ko) satisfies the one-particle Schrodinger equation
Ko+ Kp)xil<o) =  k^oli o^) (15)
where is the arbitrary potential Vj seen by the electron with momentum Uq. From
equations ( 13) and (14) it can be shown that
0 0  /  1 \ n
„ = o \ t - H Q  + ie I
and hence using (15)
wip =  I  e w j V i O x
The Q operator projects on to a sum of states excluding the ground state and hence we 
consider only linked and proper diagrams, where by ‘proper’ we mean those linked 
diagrams which are not linked by a single-particle line at any intermediate stage. As 
Goldstone points out, this is to be expected physically, for such a single-particle line 
would mean that the atom was in its ground state at that intermediate stage.
It is also shown by Goldstone that if the one-particle potential is chosen to be the 
Hartree-Fock potential defined by its matrix elements
{i\V^^\j} =  Y  {On\v\jny-{in\v\njy} (16)
I n =  1
where the summation is over all orbitals of the ground-state atom, then the first order 
optical potential diagrams cancel exactly. Thus the leading terms in the expansion 
for the optical potential are second order.
3. Second order contributions to the scattering phase shift
With this choice of Fj, the single particle eigenvalue equation (6) can be written in a 
more explicit form , .
/ Ne^ ^ r \ ^
X J = e„(j)„{r) (17)
where is the spin projection of the electron in the state The Hartree-Fock orbitals 
for the ground state of the atom are generated by (17). For m{i =  one of the
direct and exchange terms cancel, so that the state n sees a potential due to the nucleus 
and (N — 1) other orbital electrons. For excited states 0„(n > N), however, no such
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cancellation occurs and so the potential contains N direct terms ; thus an excited state 4>„ 
sees the field of the nucleus and N orbital electrons. From the work of Kelly (1963) and 
Pu and Chang (1966), we expect no bound excited states for the two-electron atom.
The continuum states </)(/c„,./;ni,nij tire determined by equation (18) by letting 
= k /^2m. Spherical symmetry is assumed so that
4>{k, I ; nj, m J =  ^fJO,  (p)Xfn^) ( 18)
in the usual notation. The Y,,„ are spherical harmonics and is the spin eigen­
function. The radial function R(kl ; ;•) satisfies the integro-dilTerential equation
= k-R^kl■.r) (19)
with I/a = z/r,-. At large distances from the atom, the potential is effectively zero and 
the R functions are linear combinations of /,(/cr) and n,{kr), the spherical Bessel and 
spherical New man n functions respectively. As r -»■ oo
R { k l ; r ) kr[cos{ôo{kj)]j,{kr)-sin{ôo{kj)]ni{kr)] ~  cos{kr +  ôo{kj) — {ln] (20)
*r-*oo
where ^^ (k, /) is the zero-order scattering phase shift. With this normalization, it is 
shown by Kelly (1963) that in calculations one may replace the summation over inter­
mediate states (j)kby an integration over k with a factor 2/7i, that is
it is shown by Pu and Chang (1966), using a variational approach, (and independently 
by Kelly ( 1967)) that the correction to the zero-order phase shift is given by
— 2m
= -riT- m V ; r ) H / / ( V ; / - ) d r  (21)n K q  J q
We have seen that the lowest-order contributions to <kolM/,plko) come from second-
order terms and the corresponding diagrams are shown in figure 1. These diagrams
represent correlations between an incoming electron in state and atomic electrons 
in states (j)^  and </)„. Diagrams 1(6) and l{d) arc the-exchange diagrams corresponding to 
1(a) and 1(c) respectively ; 1(c) and l{d) are exclusion-principle-violating (epv) diagrams 
which arise from the linked-cluster factorization. Goldstone (1957) stresses that the 
Pauli Exclusion Principle is to be ignored when labelling diagrams. These epv diagrams 
were omitted in the analysis of Pu and Chang but should be considered in any problem 
with two or more atomic electrons.
In agreement with Pu and Chang, figures 1(a) and 1(6) contribute respectively
di- |_  d i - J S g * y L ,  0 »
where only unexcited states are included in the summation over n.
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k  y.
t o ' )
Figure 1. T he four second-order d iagram s which represent corre la tions between an incom ing 
electron in sta te and atom ic electrons in states (p„ and 4>„- U‘) and  (h) are the direct 
and exchange scattering  d iagram s respectively; (c) and  (d) are direct and  exchange epv  
diagram s.
Similarly we obtain the following contributions from figures 1(c) and l{d)
\(mn\v\kok'')\^4 (2\^ r® I
ASakoJ)  =  4 ( - f
^ 0 \ ^ /  d o  m , n
(24)
(25)
where the m, n summation includes only unexcited states. In equations (22)-{25) the 
angular momentum indices of the /cq, k', k" states have been suppressed.
For the case of the helium atom, the states m and n are both Is states. Both orbitals 
contribute to the direct part (22), whilst only the electron having the same spin as the 
incident electron contributes to the exchange term (23) and the e p v  direct term (24). 
There is no contribution from the e p v  exchange term (25) since the two atomic electrons 
necessarily have opposite spins.
4. The second order contributions to the phase shifts
Our analysis to this point is identical to that of Pu and Chang (1966) except that
(i) we include e p v  diagrams (1(c) and l{d)};
(ii) intermediate angular momenta I" =  0, 1, 2, 3, 4 are included, whereas Pu 
and Chang considered only I', I" = 0,1,2;
(iii) we evaluate the second order correction to the d wave (/ = 2) phase shift.
We consider each phase shift in turn. For the s wave (/ = 0) we show in table 1 the 
results obtained in zero-order (central field exchange approximation), the second-order
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correction from non-EPV diagram s, the e p v  corrections and the results of Pu and Chang  
(1966). The  e p v  corrections are  very small and our  final second-order  results are in 
close agreem ent with those of Pu and  Chang.
In table 2 we compare our results with those of a parallel Green function method of 
Yarlagadda et al (1972) and the full polarized orbital treatment of Duxler el a! (1971). 
The results of the three approaches are in close accord.
Table 1. s-wave phase shifts including all second-order con tribu tions
A'o(au) Z ero-order
C orrection  from 
figures 1(a) and  1(b)
l l ' V
con tribu tion
O ur
total
Pu and 
C hang
0 3 2-7045 0-0343 -0 -0049 2-7339 2-7.191
0 6 2-3111 0-0450 -0-0081 2-3480 2-3555
10 1-8900 0-0520 -0 -0 0 9 0 1-9330 1-9412
Table 2. C om parison of s-wave phase shifts with those o f other theoretical models
Ao(au)
This
paper
Y arlagadda 
et til
D uxler 
el al
0-3 2-7339 — 2-7546
0-6 2-3480 — 2-3719
1-0 1-9330 1-9372 1-9530
Our p wave (/ = 1) results are given in table 3, where we also give the non-exchange 
central field approximation results and the Born approximation results using (a) the 
Hartree-Fock central potential and (h) a polarization potential of the simple form
V(r) =  — r(Ryd) (26)
for which the Born phase shift is given analytically by
nak^
ni(h) = (27)(2/-l)(2/-hl)(2/-f3)
The reasonable agreement between the Born phases for the Hartree-Fock potential
Table 3. p-wave phase shifts, including a com parison of the relative im portance of exchange 
and polarization
fco(au)
Z ero-order 
— no 
exchange
1st Born 
with
H artre e -
Fock
potential
1st Born 
with
po larization
poten tial
Z ero-order
with
exchange
O u r to tal 
(no EPV)
O u r to tal
( +  EPV)
Pu and 
C hang
0-5 0-0103 0-0091 0-0728 0-0423 0-0757 0-0750 0-0732
0-8 0-0360 0-0311 0-1863 0-1244 0-1830 0-1810 0-1778
1-0 0-0606 0-0517 0-2911 0-1830 0-2505 0-2477 0-2749
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and the solutions of (17), neglecting exchange, indicates that our phase shift routine is 
satisfactory. As expected, exchange is very important, increasing the zero-order phase 
shift by a factor of between three and four in this energy range. The effects of polarization 
are represented by diagram l(n) to second order and of exchange polarization by 1(h). 
These are significant and give a further large increase in the p wave phase shift at low 
energies. Again the e p v  diagrams give a small ( < 1 % )  correction in this order. Our 
final results are again in close agreement with those of Pu and Chang. The departures 
from the Born results with potential (26) are small.
Table 4 compares our p wave phase shifts with those of Yarlagadda et al (1972) 
and of Dux 1er et al (1971). The agreement is again close, except with the full polarized 
orbital result at /c = 0-5 au (0 25 Ryd).
Tabic 4. C om parison of p  wave phase shifts with those of o ther theoretical models
/co(au) This paper
Y arlagadda 
et al
D uxler 
et al
0-5 00750 0-0806 0-0926
0 8 0-1810 — 0-2081
10 0-2477 0-2510 0-2749
The main interest of our work was however in obtaining values of the d wave phase 
shift, since the full polarized orbital results of Duxler et al (1971) disagree strongly (see 
below) with those obtained from a phase shift analysis of experimental data (Bransden 
and McDowell 1969, McDowell 1971, Bransden et al 1973). Our results (table 5 below) 
follow the same pattern as for the p wave and again agree with those obtained in the 
Born approximation using the potential given in equation (26). The e p v  contributions 
are small, but both exchange and polarization are important.
Table 5. d wave phase shifts com paring  the relative im portance o f the different second-order 
contribu tions
^o(au)
Z ero-order—  
no exchange
1st Born with 
H artree -F o ck  
potential
1st Born with
polarization
potential
Z ero -o rder—  
with
exchange
O u r total 
(no EPV)
O u r total
(H-EPV)
0-5 0-00006 0-00006 0-01040 0-00061 0-00745 0-00745
0-6 0-00043 0-00042 0-0149 0-00176 0-01149 0-01149
0-7 0-00106 0-00103 0-0203 0-00353' 0-01600 0-01600
0-8 0-00200 0-00195 0-0266 0-00609 0-02167 0-02166
0-9 0-00333 0-00323 0-0336 0-00939 0-02779 0-02780
1-0 0-00512 0-00485 0-0416 0-01347 0-03519 0-03516
1-1 0-00728 0-00704 0-0502 0-01824 0-04256 0-04260
In figure 2, our results are compared with the theoretical results of Yarlagadda ef a/ 
(1972) and Duxler et al (1971), the phase shift analysis of McDowell (1971) and Bransden 
and McDowell (1969) and a recent revision of the latter using new experimental measure­
ments (Bransden et al 1973). Our results lie intermediate between those of the other 
theoretical models and are inconsistent (as are those of Yarlagadda et al (1972)) with the
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Figure 2. d wave phase shifts. O  our results; #  Bransden and McDowell (1969); x Du.xier 
e/ fl/(l971); A  Bransden et u /(!973 ); A  Y arlagadda Ct u/( 1972).
results of the phase shift analysis.f It may well be that the d wave phase shift is not well 
determined by available experimental data. Nevertheless in view of the discord between 
the theoretical models for this case, and their accord for the / = 0  and / = 1 cases, it is of 
interest to attempt to estimate the higher order corrections.
5. Estimates of the third-order correction to the d wave phase shift
From tables (3) and (5), we see, choosing /c = 1-0 au for convenience, that the polariza­
tion correction to the p wave phase shift is approximately 37 % of the zero-order exchange 
result, whereas for the d wave phase shift it is nearly 250% of the zero-order exchange 
phase shift. We show below that substantial contributions to the polarizability arise 
from the third-order bubble diagram. Consequently our p wave phase shift may be 
uncertain by approximately 10%. However it is shown below that the third-order 
corrections to the d wave phase shift may be as large as 30 %.
It is clear that the simple formula (27) gives a good first approximation, but in using 
it we have adopted the most accurate available value of the polarizability of helium 
(a = I 385^0, Dalgarno and Kingston 1960) and we are comparing with a second order 
calculation based on the diagrams of figure 1. However, the corresponding second- 
order contribution to the polarizability does not yield the correct result, there being 
substantial third-order contributions.
t  See also a forthcom ing paper by A. L. Sinfailam  and R. K. N esbet {Phys. Rev. in the press) whose variational 
calculation gives a  d wave result lying 10%  above ours at =  10.
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The only second-order polarizability diagram is shown in figure 3{a), in which 
dotted lines represent interactions with the potential given by
N N
= E  = Yj n cos
Cc)
id)
Figure 3. Second and th ird -order d iagram s which con tribu te  to  the polarizability  of helium,
The contribution «2 to the polarizability is given explicitly by
|<n|r cos 6\kpy\^8 d/c
= 0-76531.
Thus «2 gives only 55 % of Dalgarno and Kingston’s result. There are four third-order 
contributions to the polarizability (cf Chang (1967)), corresponding to the diagrams 
shown in figures 3(6), 3(c), 3{d) and 3(c), and the respective contributions are
16 f ” ,, fn\r cos 9\k'p} <^ k’pn\v\kpn} (kp\r cos 6\ny^ r r  
7:'Jo Jo
, <n|r cos 6\k'py <^nk'p\v\kpn} (,kp\r cos 9\n}
3^b ~  ~  I d/( I d/c 
= 0-69565
16 r“
OC^c — ----2 I I d/c' ^ do Jq
= -0-13286
16 f°° j , <n|rcos01/c'p><m|rcos0 |/cp></c'p/cp|i;|nm>r .. r
«3d =  <%3e =  - -2  d/c
7T J q  J q (e,-iA':^)(2,.-i/c':-ik:)
= 0-022147
The polarizability including all second and third-order diagrams was found to be l-372ao, 
which is in very good agreement with the Dalgarno and Kingston result. This suggests 
that the third-order contribution to the phase shift might also be non-negligible.
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There are in general eightyfour distinct third-order diagrams which contribute to the 
phase shifts but these can be divided into five classes. Each of these classes subdivides 
into four groups, corresponding to the four second-order diagrams shown in figure 1. 
In each class we take the diagram which is an extension of figure l{a) to be typical of the 
class and figure 4 shows these five representative diagrams.
Figure 4(n) is the ladder diagram, the simple extension of the direct scattering diagram, 
figure l(n), and we expect this to give the dominant third-order correction to the phase 
shift. Its contribution. A, is given by
D{k 1,^2)
where
(28)
(29)
2 2 2
and each sum is over the complete set of the continuum states, the solutions of equation
/ V '  Ar, A / 7 ?--------- _ J  l „
f ~ ~
_ . . ÿ
/  \ Atq' Atq/ ,
t o ) ( 6 ) t c )
( o ')
Figure 4. T he five representative d iagram s which give con tribu tions to  the th ird -order 
correction  to the phase shift, (a) is the ladder diagram  ; (c) is the tw o-bubble diagram .
(IS). The denominator D{ki , /cj) is a slowly-varying function of /cj, /cj i" the region of 
, ^2-space where (k i l ik 2 l2 \v\koln) is large, so that we can approximate by
A =
- 2
koD{kiQ, /C20)
d/c.
D(/c3,/cJ
(30)
with /cio =  0 9, /C20 = 11 when /cq = 1-0 (see below). This double integral is identical 
with that of equation (2 2 ) except that one of the v matrix elements is replaced by a 
matrix element. That is, in one of the radial integrals, the usual y^ir ,^ 2^) function 
arising from the expansion for 1/k i—i'll is replaced by a 8^2(^ 1 , fz) function occurring 
in the expansion for l/|f"i —#"2!^ . These coefficients are given explicitly by Sack (1964),
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An accurate evaluation of the integral in (22) required a mesh of 1764 pairs of values 
of (/<3 , kf). The replacement of the coefficients by the causes a large increase in 
computing time, which was judged prohibitive since an upper bound on the correction 
factor A is all that is required.
The dominant contributions to equation (22) and also to A, because of the factor 
{koln\v\kJ2 f<-4 Uy come from intermediate angular momenta = 1, /' = 1 or 3 (that is 
L = L = 1 or 3). For fixed /cq, and this factor is sharply-peaked at k^  = k^o, 
/C4 = /<4o say. A numerical investigation shows that the other factor, (^kQlnlv l^kJ^kjA)-» 
occuring in the integrand of equation (30) is also sharply peaked at k^  =  k^o, but is slowly- 
varying with /v4 in this neighbourhood. Thus to a good approximation
A rough upper boundf is then obtained by supposing that the (k l^^k^Q/Ju l^koln) 
matrix element may be replaced by its peak value everywhere in k^-space ; thus we 
approximate A by
A>">= - H -
On physical grounds, and from our second-order work, we expect k^  and ^2 to take 
values near 0 9 au and 11 au respectively when kg = 10 au. With the corresponding 
value of D(k), k2), we obtain a result for of 0 15, which is approximately 40% of the 
total second-order result for the same value of kg. Although this result is an upper 
bound, we do not think it is a gross over-estimate of the actual contribution of the third- 
order ladder diagram, figure 4(a), to the d wave phase shift at that energy. That is, in 
view of the corresponding correction to the polarizability, this third-order diagram and 
its corresponding exchange and epv  diagrams are not negligible and, in any accurate 
work using this potential approach, they must be taken into account.
The contribution, B, of figure 4(c) to the third-order correction to the phase shift is 
given by
<mk|y|k3ki> <uk3|i;|k2m> <kik2|t>|kn>12\^ r°° r°° r°°
' W  J o  ‘“ “ I D(ki,k3)D(ki,k2)
where the D functions are defined in equation (29). This was estimated using a method 
first proposed by Kelly (1963). We considered the ratio of B to the contribution of the 
second-order diagram, figure 1(a), using a peaking approximation to fix the values of 
kj and k^, and so reduced the number of repeated integrals. Our results for two values 
of the incident energy, ko, are shown in table 6 and it can be seen that the effect of the 
two-bubble diagram, figure 4(c), is negligible.
The diagrams shown in figures 4(6) and 4(c) each give a contribution C where
r . , ,  f".,, f” .,. <nm\v\k^ k,y(k,kMnh'><kk,\v\l<'r>>
^ J .  " ‘ J o  " ‘ J o   Dik„k^(2.„-ikl-ikD  ■
We estimated this by using a peaking approximation, because the matrix elements 
involved are very sharply-peaked, and our results are given in table 7. These figures 
show that the contribution C to the third-order correction to the phase shift is also 
insignificant.
t  T he m atrix  elem ent is negative and  the v m atrix  elem ent positive th roughou t the region of interest, while 
bo th  denom inators are negative hence > A.
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Table 6. R atio o f the con tribu tion  B of figure 4(c) to that of figure l(ci) for the d wave phase 
shift
A.(,(au) A |, Â.J • b
R atio of contribu tions 
4(f) to 1(«)
0-5 0-8, 10 1, 1 - 0 0 3 3 6
0 8 , 10 1, 3 - 0 0 3 1 8
10 0 8 . 10 1, 1 - 0  0416
0 9 , 10 1, 1 -0 0 3 9 8
0 8 , 10 1, 3 - 0 0 3 9 4
Table 7. T he con tribu tion  C from figures 4(b) and 4(f) com pared w
result
T ota l C  as a percentage
C ontribu tion second order of total
A()(au) C result second order
0 5 0 1 2 7 x  10-* 0-352 X 10“ ' 0-04%
10 0-141 X 10--* 0-745 X 10-^ 0-19%
The correction from the diagram figure 4(d) was not evaluated because of the expense 
involved in calculating the ‘four excited state’ matrix elements but, for
physical reasons, we expect it to be smaller than that from the ladder diagram, figure 4(a).
6. Conclusions
We have seen that for the s and p wave phase shifts there is very good agreement between 
our second-order optical potential results, those of the Green’s function method of 
Yarlagadda et al (1972) and those of the full polarized orbital treatment of Duxler el al 
(1971). Our results for the d wave phase shifts, however, lie intermediate between the 
other two sets of results, which differ considerably from each other. From our third- 
order work we can conclude that the ladder diagram gives a significant contribution to 
the third-order correction to the phase shift. Since this is the dominant contribution, 
and is positive, we expect the total third-order correction to be positive. This would 
bring our results close to the Duxler et al (1971) results, which are also in better agree­
ment with the phase shift analysis work of Bransden et al (1973) than are those of Yarlag­
adda et al (1972). To calculate the third-order contribution more accurately than in this 
present work would be prohibitively expensive.
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